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Abstract
In this thesis I use eﬀective models to investigatethe properties of QCD-like
theories at nonzero temperature and baryon chemical potential.
First I construct a PNJL model using a lattice spin model with nearest-
neighbor interactions for the gauge sector and four-fermion interactions for
the quarks in (pseudo)real representations of the gauge group. Calculating
the phase diagram in the plane of temperature and quark chemical poten-
tial in QCD with adjoint quarks, it is qualitatively conﬁrmed that the critical
temperature of the chiral phase transition is much higher than the decon-
ﬁnement transition temperature. At a chemical potential equal to half of the
diquark mass in the vacuum, a diquark Bose–Einstein condensation (BEC)
phase transition occurs. In the two-color case, a Ginzburg–Landau expan-
sion is used to study the tetracritical behavior around the intersection point
of the deconﬁnement and BEC transition lines which are both of second or-
der. A compact expression for the expectation value of the Polyakov loop in
an arbitrary representation of the gauge group is obtained for any number of
colors, whichallowsustostudyCasimirscalingat bothnonzero temperature
and chemical potential.
Subsequently I study the thermodynamics of two-color QCD (QC2D) at
high temperature and/or density using ZQCD, a dimensionally reduced su-
perrenormalizable eﬀective theory, formulated in terms of a coarse grained
Wilson line. In the absence of quarks, the theory is required to respect theZ2
center symmetry, while the eﬀects of quarks of arbitrary masses and chem-
ical potentials are introduced via soft Z2 breaking operators. Perturbative
matching of the eﬀective theory parameters to the full theory is carried out
explicitly, and it is argued how the new theory can be used to explore the
phase diagram of two-color QCD.ivv
Zusammenfassung
Seit mehr als der Hälfte des Jahrhunderts ist die QCD wegen ihrer vielen
interessanten Eigenschaften attraktiv. Anders als Photonen in der QED tra-
gen die Gluonen in der QCD, welche eine Nicht-Abelsche Eichtheorie ist,
nichtverschwindene Eichladungen. Deswegen können die Gluonen unter
sich wechselwirken. Dies führt zu eigenartigen Eigenschaften, wie z.B.
asymptotischer Freiheit und Farbeinschluß.
Während viele störungstheoretische Berechnungen für schwache Kop-
plung durchgeführt werden, sind sie bei den niedrigen Energieskalen nicht
anwendbar. Das Verhalten der QCD bei starken Kopplungen ist noch nicht
voll verstanden.
WeitereInspirationenkönnenmöglicherweiseausderQCDbeiendlicher
Temperatur und Dichte bekommen werden. Mit steigender Temperatur und
Dichtewerden neuePhaseninQCD-Materieauftreten. DieStärkederQCD-
KopplungunddieVakuumstrukturwerdendurchViel-Körper-Eﬀekteverän-
dert. In den neuen Phasen sind die Farbladungen nicht mehr eingeschlossen.
Das Vakuum wird durch die Restaurierung der chiralen Symmetrie geän-
dert. Phasenübergänge können daher auftreten. Es gibt Experimente, die
diese Voraussage verfolgen, wie z.B. bei RHIC, LHC und FAIR. Die QCD
bei endlicher Temperatur kann auch numerisch auf dem Gitter simuliert
werden. Obwohl Experimente keine eindeutige Information über mögliche
Phasenübergänge geliefert haben, wird diese Idee von den Ergebnissen der
Gitter-QCD unterstützt. Die Schwierigkeit der Gitter-QCD liegt wegen des
Vorzeichenproblems daran, dass die gängigen Monte-Carlo bei Technike-
nendlicher Dichte nicht mehr benutzt werden können.
QCD-ähnliche Theorien können uns beim Verstehen der QCD helfen.
Obwohl sie nicht die wahren Theorien sind, die unser Universum besch-
reiben, kann durch diese einfachen Modelle ein tiefer Einblick in die un-
gelösten Probleme gewonnen werden. Außerdem können diese Theorien
auf dem Gitter simuliert werden. Die numerischen Ergebnisse der Gitter-vi
Rechnungen können dann zur Bestätigung der Schlussfolgerungen aus den
theoretischen Herleitungen benutzt werden. In dieser Arbeit werden QCD-
ähnliche Theorien bei endlicher Temperatur und Dichte untersucht. Beson-
dere Schwerpunkte sind der Phasenübergang des Farb-Deconﬁnement und
die Restaurierung der chiralen Symmetrie.
In dieser Arbeit untersuche ich QCD-ähnliche Theorien vom Typ I und
II, nämlich mit Quarks in der realen und pseudorealen Darstellung der Eich-
gruppe. Sie haben sehr verschiedene Phasendiagramme im Vergleich zu
QCD. Hier nehme ich Zweifarb-QCD (QC2D) und Dreifarb-Adjoint-QCD
(aQCD)alsBeispieleunduntersucheihrePhasendiagrammeunddasCasimir-
Skalierungsverhalten.
Um den Eichsektor zu gestalten, wird ein einfaches Gitter-Spin-Modell
mit den Wechselwirkungen zwischen Nächsten-Nachbarn angewendet, in-
spiriert vom Starken Kopplungs-Limes. Dies istdann an Kontinuum-Quarks
gekoppelt, in einer Art ähnlich wie dem Polyakov-loopNJL (PNJL) Modell.
Die Wirkung des Eichsektors ist gegeben durch
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Diese Wechselwirkung bezieht sich auf die Flavoursymmetrie in QCD-ähn-
lichen Theorien, die sogenannte SU(2Nf). Das Quarkfeld ist dann an den
Eichsektor durch die kovariante Ableitung, Dµψ = (∂µ − igTaAa
µ)ψ, gekop-
pelt.vii
DieParameterimPNJL-ModellkönnengetrenntfürdenEich-undQuark-
sektor bestimmt werden. Danach kann das Phasendiagramm in Mittlerer-
Feld-Näherungberechnet werden. Abbildung0.1zeigtdasPhasendiagramm
von aQCD2D mit einer Quarksorte, in der Darstellung Temperatur gegen
chemisches Potential der Quarks. Der Deconﬁnement-Übergang, verbunden
mit der Brechung der zentralen Z2, ist durch die schwarze durchgezogene
Linie gekennzeichnet, während die rote gestrichelte Linie den BEC Über-
gang andeutet, bei dem die Baryonzahl U(1)B gebrochen ist. Außer diesen
zwei scharfen Phasenübergängen gibt es einen Crossover, der mit der Auﬂö-
sung des chiralen Kondensats verbunden ist. Dies tritt bei einer Temperatur
auf, die viel höher als die des Deconﬁnement-Übergangs ist.
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Abbildung 0.1: Phasendiagramm der Zweifarb-QCD mit
einer Sorte von Adjoint-Quarks.
Die Temperatur des Deconﬁnement-Übergangs hängt extrem schwach
vom chemischen Potential ab. Der Grund liegt oﬀensichtlich daran, dass
die Adjoint-Quarks neutral bezüglich der zentralen Symmetrie sind. Das
Verhalten der Übergangslinien in der Nähe ihrer Kreuzungen wird in dieser
Arbeit detailliert analysiert. Zum Schluss tritt der Null-Temperatur BEC-
Übergang bei µ = 92 MeV auf, welches mit der Tatsache übereinstimmt,
dass, unterunsererParametrisierung,dieMassedesPion/Diquark-Multiplets
im Vakuum gleich mπ = 184 MeV ist.
DasPhasendiagrammvonaQCD wirdimRahmenunseresPNJL-Modells
auch in dieser Arbeit berechnet. Während das Phasendiagramm auf großen
Skalen wie das von aQC2D aussieht, gibt es einen beträchtlichen Unter-
schied in der Topologie, wenn eine Vergrößerung in der Nähe der Kreuzung
von Deconﬁnement- und BEC-Übergangslinien vorgenommen wird. Weilviii
der Deconﬁnement-Übergang jetzt von erster Ordnung ist, ist die kritis-
che Linie für BEC gebrochen und triﬀt die Deconﬁnement-Linie an zwei
dreifachen kritischen Punkten. Deswegen existiert ein schmaler Bereich in
denchemischenPotentialen, wodasDiquark-KondensatineinemPhasenüber-
gangersterOrdnungungewöhnlichverschwindet,wenndieTemperatursteigt.
Die Casimir-Skalierungshypothese behauptet, dass das Farb-Singlet-Po-
tential zwischen statischem Quark und Antiquark in einem mittleren Ab-
stand proportional zur quadratischen Casimir Invariante, C2(R), ist, wobei
R die Darstellung der Quarks bedeutet. Das kann eine Gelegenheit zum
Verstehen des nichtperturbativen Verhaltens der QCD-ähnlichen Theorien
schaﬀen, und sollte solche ein notwendiger Bestandteil jedes Modells sein
soll, das versucht, die QCD-(Thermo)Dynamik nachzuahmen.
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Abbildung 0.2: Erwartungswerte der Polyakov-Schleifen.
Abbildung 0.2 zeigt die Erwartungswerte der Polyakov-Schleife in den
gewähltenDarstellungengegendieinderfundamentalenDarstellung. Durch
Vergleich zwischen demlinkenund demrechten Bild, diedienichtskalierten
und skalierten Polyakov-Schleifen zeigen, sieht man, dass die Casimir-Ska-
lierung sehr gut reproduziert ist, wenn sich der Wert der fundamentalen
Schleife gegen Eins nähert, welches hohen Temperaturen entspricht. Es
wird schlechter bei niederigen Temperaturen, wo das Modell der Wechsel-
wirkungen zwischen den nächsten Nachbarn zu einfach ist.
EQCD, eine dimensional reduzierte eﬀektive Theorie für QCD, kann die
Dynamik der QCD für großen Abständen und bei sehr hohen Temperaturenix
gut reproduzieren. Aber es gibt Zeichen dafür, dass EQCD nicht in der Lage
ist, die korrekten Resultate bis zu Temperaturen von wenigen Tc zu pro-
duzieren, wobei Tc die kritische Temperatur des Deconﬁnement-Übergangs
ist. EQCD zu modiﬁzieren und eine neue eﬀektive Theorie zu entwickeln,
die sich auf die zentrale Symmetrie bezieht, ist ein möglicher Weg, um das
Problem zu überwinden. Die neue Theorie, ZQCD genannt, soll in der Lage
sein, die Ergebnisse von QCD oder EQCD bei asymptotisch hohen Tem-
peraturen zu reproduzieren und sich auch auf die zentrale Symmetrie zu
beziehen, damit sie bis zu Temperaturen um Tc gültig bleibt.
Die Lagrange-Dichte von ZQCD ist gegeben durch
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wobei g3 die Eichkopplung der eﬀektiven Theorie ist, Di ≡ ∂i − i[Ai  ·],
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Z ist hier das Matrixfeld und kann wie folgt parametrisiert werden:
Z =
1
2
 
Σ
1 + i  Π ·   σ
 
 
wobei   Π als die Nullmode der elektrischen Gluonen identiﬁziert wird. We-
gen des Fermion-Eﬀekts brechen die letzten zwei Terme des oben erwäh-
nten eﬀektiven Potentials die zentrale Symmetrie Z2 leicht. Wenn s4 5 zu
Null geht, wird die Situation auf den Yang-Mills-Fall reduziert, in dem die
zentrale Symmetrie eine exakte Symmetrie ist.
Das Σ-Feld wird ein nichtverschwindenes Kondensat bei  Σ  = v0 = 2T
haben, welches zur spontanen Brechung der SU(2)⊗SU(2) Symmetrie in
der Lagrange-Dichte führt. Das Higgs-Feld bekommt eine harte Masse und
entkoppelt von der weichen Energieskala. Das Feld kann ausintegriert wer-
den, nachdem die Entwicklung des eﬀektiven Potentials um das Minimum
vorgenommen wird. Das resultierende Potential stimmt dann mit dem vonx
EQCD über und die Parameter können auf diesem Wege bestimmt werden.
Die Bestimmung der Parameter in der führunden Ordnung ergibt
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wobei die Konstante κ±
ℓ mit den Eﬀekten der Quarks verbunden sind.
Die Parameter s4 5 können nicht durch Vergleich zwischen ZQCD und
EQCD bestimmtwerden, weil sie die globale Information von der Brechung
der zentralen Symmetrie tragen. Sie werden durch Vergleich der Energie-
und Masseaufspaltung bei den Minima der ZQCD zu denen in QCD bes-
timmt. Die Details ﬁndet man in dieser Arbeit.
Nachdem die Parameter zur führunden Ordnung bestimmt sind, können
die Proﬁle der freien Ergie als eine Anwendung der ZQCD berechnet wer-
den. Es ist die Domänenwand in der Yang-Mills-Theorie und die Domänen-
blase mit dynamischen Quarks. Die Domänenwand ohne Quarks wird zu
σ = 0 91σYM vorhergesagt. Man erhält auch den Radius einer statischen
Domänenblase, R = 2gσ (δT3).xi
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Introduction
Theexplorationof thebuildingblocks of ouruniversehas neverstoppedsincethe electron was
ﬁrst discovered in 1897. More and more elementary particles were discovered successively,
including three generations of quarks and leptons, and gauge bosons which act as carriers of
the fundamental forces.1 Besides the elementary ones, many composite particles have also
been found in experiments, including a large number of hadron species. In order to explain all
the experimental results, theorists dedicated tens of years of eﬀort to build theoretical frame-
works for the interactions between particles. The endeavor ﬁnally led to the uniﬁcation of
electromagnetic and weak interactions in 1960s and the establishment of quantum chromody-
namics (QCD) by early 1970s. These theories are already standard material in textbooks of
quantum ﬁeld theory for many years.
For more than half a century, QCD keeps attracting a lot of attention due to its various and
interesting properties. It consists only of quarks in a localized color gauge group and gluons
as the mediator. However, the world of QCD is far more complicate than its basic ingredients
may appear. Unlike the abelian gauge theory quantum electrodynamics (QED) where pho-
tons have no electric charge, the gluons in QCD, which is a non-abelian gauge theory, carry
nonzero color charges. Therefore, gluons can interact between themselves, leading to distinc-
tive consequences. For example, the color interaction between quarks becomes not stronger
but weaker at smaller distance, which is known as asymptotic freedom. This is a consequence
of the non-abelian nature of gluon dynamics, with or without quarks. This “running” behavior
1There may be anotherspecies, an elementaryboson,the Higgs boson, which is a hypotheticalmassive elemen-
tary particle introduced in the Standard Model to explain why other particles have mass. As of the writing
of this thesis (December of 2011) there have been searches for the Standard Model Higgs boson with the
ATLAS and CMS experiments, and candidate events are observed around 125 GeV. However, a deﬁnitive
statement on the existence or non-existence of the Higgs cannot be made before more data is collected, most
likely not before the end of 2012.
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of the QCD coupling strength is measured in experiments, as shown in Figure 1.1: αs becomes
smaller when measured at higher energy scales.
QCD α  (Μ  ) = 0.1184 ± 0.0007 s Z
0.1
0.2
0.3
0.4
0.5
α s  (Q)
1 10 100
Q [GeV]
Heavy Quarkonia
e+e–   Annihilation
Deep Inelastic Scattering
July 2009
Figure 1.1.: The measurements of αs as a function of the energy scale Q. The curves are QCD pre-
dictions given the value of αs(MZ0) as shown in the ﬁgure. The empty, full and crossed
symbols are extracted values from experiments and lattice calculations. Plot is taken from
Ref. [1].
While a perturbative treatment is applicable in the weak-coupling regime, it fails to be
practical at low energy scales, where the coupling is no longer small as seen in Figure 1.1.
It is exactly at such scales where a large amount of hadrons emerges and their properties
need to be explained. The behavior of QCD at strong coupling is not fully understood yet.
Amazing puzzles are left unsolved, including the structure of hadrons, the phenomenon of
color conﬁnement, and the structure of the QCD vacuum. It is believed that the solutions are
closely related to the non-abelian properties of Yang-Mills theories which are the simplest
non-abelian theories with only gluons.2
More inspiration may be obtained from QCD at nonzero temperature and density. With
increasing temperature and density, new phases will emerge in QCD matter under extreme
2The understanding of Yang-Mills theories is selected as one of the seven Millennium Prize Problems.Introduction 5
conditions, where the strength of the QCD coupling and its vacuum structure will be changed
by many-body eﬀects. In the new phases the color charges are no more conﬁned, the vac-
uum is changed due to the restoration of chiral symmetry, and thus phase transitions can be
expected. There are experiments pursuing this goal, such as at the Relativistic Heavy-Ion Col-
lider (RHIC) at Brookhaven National Laboratory (BNL), the Large Hadron Collider (LHC) at
the European Organization for Nuclear Research (CERN), and the Facility for Antiproton and
Ion Research (FAIR) under construction at GSI Helmholtzzentrum für Schwerionenforschung
(GSI). QCD at nonzero temperature can also be numerically simulated on discrete spacetime
lattices, which is known as lattice QCD. Although the experiments have not given deﬁnite
information about phase transitions, this idea is supported by the results from lattice QCD.
The problem of lattice QCD is that, due to the sign problem, standard Monte-Carlo techniques
based on importance sampling cannot be used at nonzero density.
QCD-like theories3 can shed light on our understanding of QCD. They are not theories
that describe our universe, but can be simpler models to get deeper insight into our unsolved
problems. Furthermore, some of them can be simulated on lattice, the results from which can
beusedtoconﬁrmtheconclusionfromatheoreticalderivation. InthisthesisIwillstudyQCD-
like theories at nonzero temperature and density, especially focusing on the deconﬁnement
phase transition and the restoration of chiral symmetry.
The thesis is organized as follows. In Chapter 2 I will present the concepts of QCD, its
symmetriesand thephasediagram. Thephilosophyofeﬀectivetheorieswillalsobediscussed.
At the end of Chapter 2 I will introduce QCD-like theories for use in the following chapters.
Then in Chapter 3 I will exploit the Polyakov-loop Nambu–Jona-Lasinio (PNJL) model to
study the phase transitions of QCD-like theories at low temperature and density, where the
gauge coupling is large and perturbativemethods cannot be used. After that in Chapter 4 I will
turntotheotherdirection,i.e., approachingthephasetransitionregionfromhightemperatures.
There a three-dimensional eﬀective theory will be built to describe the physics from high
temperatures down to the critical temperature. Unlike the case of low temperature and density,
perturbation theory can be applied at high temperature and is expected to work also near the
critical temperature. Finally, Chapter 5 gives the conclusions. Some technical details are
delegated to the appendices.
3There are several diﬀerent kinds of QCD-like theories, such as QCD with an imaginary chemical potential, at
nonzero isospin density, and QCD with quarks in a diﬀerent representation of the color group other than the
fundamental one. In this thesis, the term “QCD-like” refers to the last case.6 Introduction
Throughout the thesis, I use natural units in which Planck’s and Boltzmann’s constants as
well as the speed of light are equal to one, i.e.,   = kB = c = 1. The metric tensor in the
Minkowski space is gµν = gµν = diag(1 −1 −1 −1).Chapter 2.
QCD and eﬀective models
This chapter is for pedagogical purpose. I will ﬁrst present the symmetries in QCD, including
the center symmetry and chiral symmetry, and the putative phase diagram of QCD. Then I
introduce QCD-like theories and discuss some of their properties. After that the notion of
eﬀective theories is explained, followed by the PNJL model and EQCD which will be used in
later chapters.
2.1. QCD and its symmetries
2.1.1. Color symmetry
The Lagrangian of QCD in Minkowski spacetime is given by
L = −
1
4
F
a
µνF
aµν + ¯ ψ(i   D − m)ψ  (2.1)
where Fa
µν = ∂µAa
ν−∂νAa
µ+gf abcAb
µAc
ν is the gluon ﬁeld strength tensor with the QCD coupling
constant g and the structure constants f abc of the color SU(3) group, Dµ = ∂µ − igAa
µta is
the gauge covariant derivative with the color generators ta, and m is the mass matrix of the
quark ﬁeld ψ. The ﬁrst term in Eq.(2.1) is the Lagrangian of SU(3) Yang-Mills theory. The
generators ta in   D should be in the same representation of SU(3) as the quarks ψ, which, in
QCD, is the fundamental representation.
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Under a color SU(3) transformation, V(x) = eiαa(x)ta
, the ﬁelds transform as
ψ(x) → ψ′(x) = V(x)ψ(x) 
Aa
µ(x)ta → A′a
µ(x)ta = V(x)
 
Aa
µ(x)ta + ig−1∂µ
 
V†(x) 
(2.2)
The QCD Lagrangian (2.1) is invariant under this local gauge transformation.
Since I will study QCD matter in equilibrium statistical mechanics using the imaginary-
time formalism, the ﬁelds depends on spacetime coordinates (x τ), where the imaginary time
τ corresponds to it in Minkowskispacetime. At nonzero temperature T, therange of τ is [0 β],
where β = T−1, and the ﬁelds obey the boundary conditions
ϕ(x τ = β) = ϕ(x τ = 0) periodic for boson ﬁelds 
ψ(x τ = β) = −ψ(x τ = 0) anti-periodic for fermion ﬁelds 
(2.3)
Thus there exist such constrains for the local gauge transformation that the boundary condi-
tions (2.3) should be preserved. A trivial choice is the strictly periodic transformation as
V(x τ = β) = V(x τ = 0)  (2.4)
It is easy to see that the transformed ﬁelds ψ′ and A′ in Eq.(2.2) are still (anti)periodic under
the transformation (2.4), provided that the conditions (2.3) hold before such a transformation.
Is there any nontrivial transformation other than the strictly periodic one (2.4) which also
preserves the boundary condition (2.3)? The answer is yes for pure gluo-dynamics without
quarks, i.e., Yang-Mills theory. If there exist quarks in the system, the answer depends on the
color representation of the quarks. The following subsection is dedicated to this question.
2.1.2. Center symmetry
The nontrivial transformations proposed above, which preserve the periodic boundary condi-
tion (2.3), are found to be1
Vτ=β = e
iθ · Vτ=0   θ ∈
 
0 
2π
3
 
4π
3
 
  (2.5)
1Since there is no confusion in this subsection, x is not written explicitly.QCD and eﬀective models 9
i.e., the group element for τ = β is the same as that for τ = 0 up to a overall factor. It is
obvious that the strictly periodic transformation (2.4) is one of the three pieces in Eq.(2.5).
Given the periodic gluon ﬁeld Aa
µ(τ = β) = Aa
µ(τ = 0), the A′ in Eq.(2.2) transformed under
Eq.(2.5) obeys A′a
µ(τ = β) = A′a
µ(τ = 0) because the phase angle eiθ commutates with the
generators and thus cancels. However, such a cancellation does not mean that the angle θ can
be any real number. Because Vτ=0 and Vτ=β are both SU(3) elements, the phase eiθ should also
be an SU(3) element. From group theory we know that every group G has a normal subgroup
Z(G), all elements of which commute with any element of G. This subgroup Z(G) is called
the center of G. Thus Z(G) is an abelian group and its elements are always proportional to the
unit matrix in any irreducible representation of G. The center of the SU(N) group in a faithful
representation is
 
ei2kπ N|k = 0 ···  N − 1
 
. The three factors in Eq.(2.5) constitute exactly the
center of SU(3) in the fundamental representation.
Since both the Lagrangian of Yang-Mills theory and the periodic boundary conditions
(2.3) are invariant under the twisted transformation (2.5), we say that Yang-Mills theory has
a center symmetry Z3, and gluons carry no center charge. It is required that the twisted local
color transformation V(x τ) is still continuous in spacetime. Thus the phase θ must be the
same for all spatial coordinates x, i.e., the center symmetry is a global one.
Now what happens to quarks is diﬀerent. Since the quark ﬁeld transforms as ψ′ = Vψ, the
anti-periodic condition (2.3) before the transformation (2.5) implies that ψ′(τ = β) = eiθψ′(τ =
0), i.e., the breaking of the anti-periodic condition. This is a consequence of the fact that in
QCD quarks are in the fundamental representation, which is a faithful representation of SU(3)
resulting in a nontrivial center group. Although the Lagrangian (2.1) is still invariant under
the twisted local color transformation (2.5), we say that the presence of fundamental quark
breaks the center symmetry because the boundary condition is broken, and that quarks carry
nonzero center charge. We will see something diﬀerent in QCD-like theories in Section 2.3,
namely that not all quarks break the center symmetry.
It turns out that the center symmetry is closely related to the phenomenon of color conﬁne-
ment. In the following subsection I will study this phenomenon and its relation to the center
symmetry.10 QCD and eﬀective models
2.1.3. Color conﬁnement
Color conﬁnement is an experimental fact: color-charged particles are not observed in isola-
tions in the ﬁnal states of experiments; color charges are always conﬁned inside hadrons. This
is equivalent to requiring that all hadrons which can be directly observed should be singlets of
the color SU(3) group, i.e., invariant under color transformations. Such requirement is consis-
tent with the fact that among the many low-lying conﬁgurations of quarks only q¯ q, qqq, and
¯ q¯ q¯ q states, which generate singlets of color SU(3), are veriﬁed as ﬁnal hadrons.
Although the dynamical mechanism of color conﬁnement is still not completely clear, it
is widely accepted that the color charges will be liberated at suﬃciently high temperatures
and that there exists a deconﬁned phase[2, 3, 4]. The existence of such a transition is also
suggested by lattice-QCD calculations: as the temperature increases, thermodynamic quan-
tities, such as pressure, energy density, and entropy density, rapidly rise at a certain critical
temperature, indicating that many degrees of freedom which are conﬁned at low temperatures
are released when heated. This phenomenon appears both in Yang-Mills theory [5] and with
quarks [6], therefore it may be related to the fact that the coupling constant becomes small at
high temperatures.
Considering the free energy is helpful for our understanding. It is shown that the diﬀerence
in free energy when we put a static quark at r1 and a static antiquark at r2 into the system can
be expressed as
e
−βFR R =  ℓR(x1)ℓ
†
R(x2)   (2.6)
where β = T−1 is the inverse temperature, FR R is the free energy above the vacuum with a
quark in the color representation R and an antiquark in R, sitting at x1 and x2, respectively.
Here  ···  means the ensemble average, and the traced Polyakov loop in the quark’s represen-
tation is deﬁned as
ℓR(x) =
1
dimR
TrLR(x) =
1
dimR
TrPexp
 
ig
  β
0
dτA
a
0(x τ)t
a
R
 
  (2.7)
where the trace is in color space and the path-ordered integral is along the imaginary time line
for a given spatial point x. Here the Polyakov loop LR(x) is a matrix in the representation R of
the SU(3) color group. The behavior of the free energy at large distance is further constrainedQCD and eﬀective models 11
by the cluster property as
 ℓR(x1)ℓ
†
R(x2) 
|x1−x2|→∞
− − − − − − − − − − − →  ℓR(x1)  ℓ
†
R(x2)  = | ℓR(0) |
2   (2.8)
which means
FR R(x1 − x2)
|x1−x2|→∞
− − − − − − − − − − − → 2FR   (2.9)
If FR diverges, then it requires inﬁnite energy to separate a quark-antiquark pair, which means
the color charge is conﬁned in such a case. This corresponds to  ℓR  = 0. Thus the vanishing
average value of Polyakov loop is a test of conﬁnement.
The relation to the center symmetry can be seen when we consider the transformation
of the Polyakov loop under the center symmetry. Here we consider the Polyakov loop in
a faithful representation R, for example, the fundamental one. For an arbitrary local color
transformation V(x), the Polyakov loop changes as
LR(x) → Vτ=βLR(x)V
†
τ=0   (2.10)
Under the center symmetry (2.5), the traced loop changes as
ℓR(x) → e
iθℓR(x)  (2.11)
and its average value transforms in the same way
 ℓR  → e
iθ ℓR   (2.12)
When the vacuum is an eigenstate of the center transformation,  ℓR  should also be invariant,
thustheonlypossibilityisavanishingaveragevalueofthetraced Polyakovloop, whichinturn
corresponds to an inﬁnite energy FR and the color conﬁned phase. Oppositely, if a nonzero
value of  ℓR  is found, then the vacuum is no longer an eigenstate of the center transformation,
i.e., the center symmetry is spontaneously broken, corresponding to a ﬁnite FR and a color
deconﬁned phase. Therefore, the deconﬁning of the color charges is indeed related to the
breaking of the center symmetry.12 QCD and eﬀective models
The center symmetry is well-deﬁned when there are only gluons in the system.2 If we cou-
ple fundamental quarks with ﬁnite mass to gluons, the center symmetry is explicitly broken.
The center symmetry is an approximate symmetry in this case and the order parameter is not
necessarily zero even in the conﬁned phase. This can smoothen the sharp phase transition and
leads to a crossover from the conﬁned phase to the deconﬁned phase. The presence of quarks
also introduces another complexity, i.e., the chiral symmetry.
2.1.4. Chiral symmetry
The QCD Lagrangian (2.1) has global symmetries for massless quark ﬁelds in ﬂavor space.
Taking two ﬂavors of quarks as an example, the transformations are deﬁned as
isospin ψ → e−iω· τ
2 ψ Jk
µ = ¯ ψγµτkψ
chiral ψ → e−iγ5θ· τ
2 ψ Jk
5µ = ¯ ψγµγ5τkψ
baryonic ψ → e−iαψ Jµ = ¯ ψγµψ
axial ψ → e−iγ5βψ J5µ = ¯ ψγµγ5ψ
(2.13)
where τk (k = 1 2 3) are Pauli matrices in ﬂavor space. According to Noether’s theorem, con-
served charges can be deﬁned from continuous symmetries. Here J are the Noether currents
of the corresponding symmetries, and conserved charges can be deﬁned as Q =
 
d3x J0.
The baryon charge is strictly conserved in QCD. The isospin symmetry is well-deﬁned
as long as the mass parameters for two ﬂavors, conventionally u- and d-quark, are the same.
It is also conserved in QCD. Unlike the isospin which transforms the left- and right-quark
exactly the same way in ﬂavor space, the chiral symmetry transforms them in an opposite
direction. It is spontaneously broken in the ground state, i.e., the physical vacuum is not an
eigenstate under the chiral transformation, resulting in several Nambu–Goldstonebosons. The
axial symmetry is in fact absent in QCD because it is broken on the quantum level due to the
instanton eﬀects.3 Therefore, generalizing to an arbitrary Nf, the ﬂavor symmetry of QCD is
in fact a global SU(Nf)L × SU(Nf)R × U(1)B group.
2Static quarks are not dynamic particles. They can be understood as fermions which are ﬁrst coupled to the
Yang-Mills theory and mass are then sent to ∞. In such a way we can study the eﬀects of static quarks in any
color representation, such as the free energy and the potential between them.
3This is called U(1)A anomaly. It is related to the topological conﬁgurations of the gluon ﬁelds. In fact the
chiral symmetry is also broken by an anomaly due to electroweak interaction but we do not consider this in
QCD. For details see Chapter 19 of Ref. [7].QCD and eﬀective models 13
The light mesons, such as pion and kaon, observed in experiments are identiﬁed as the
Nambu–Goldstone bosons coming from the spontaneous breaking of chiral symmetry. They
are massive because in QCD quarks have small masses, thus the chiral symmetry is an ap-
proximate one and these mesons obtain light masses, which are still far less than the typical
mass of hadrons (∼ 1 GeV). Since in the low-energy region quarks and gluons are conﬁned in
hadrons, the lightest degrees of freedom are these Goldstone bosons, therefore physics on this
energy scale is dominated by the spontaneous breaking of chiral symmetry and its Goldstone
bosons.
The mechanism of the spontaneous breaking of chiral symmetry can be understood as
follows. Since quarks have small masses and strong attractive interactions, it does not cost
much energy to create an extra quark-antiquark pair. Thus the QCD vacuum has a structure
containing a condensate of quark-antiquark pairs. These fermion pairs must have zero total
momentum and angular momentum, which implies that left-handed quarks and the antiparti-
cles of right-handed quarks condense in the pairing process. It is the condensate in the vacuum
that breaks the chiral symmetry. The vacuum with a quark pair condensate can be expressed
as
 ¯ ψψ  =  ψLψR + ψRψL   (2.14)
which is not invariant under a chiral transformation. Actually it is the same operator as in
the quark mass term. When this condensate is nonzero, the chiral symmetry is broken, which
mixes the two quark helicities and gives quarks an eﬀective mass even though the quarks may
appear massless on the Lagrangian level.
It is expected that at high temperature and density, the spontaneous breaking of chiral sym-
metry will be reduced and ﬁnally disappear due to the thermal ﬂuctuations and diminishing
coupling strength. Such restoration of chiral symmetry may be seen in experiments from the
signal that the masses of mesons which are connected by the chiral transformation become
degenerate. To detect chiral symmetry restoration is one of the major goals of ultrarelativistic
heavy-ion experiments. Theinterplay between chiral symmetryrestorationand deconﬁnement
is still not clear.14 QCD and eﬀective models
2.2. QCD phase diagram
The T − µ phase diagram of QCD matter is summarized in Figure 2.1. I will describe it from
left to right, i.e., from the lower to the higher density region.
Quark-Gluon Plasma
Crossover
Hadronic Phase
Liquid-Gas
Color Superconductors
Critical Point
Quarkyonic
    Matter
Figure 2.1.: The T − µB phase diagram of QCD.
At very low baryon chemical potential µ ≪ T, the system is in the hadronic phase at
low temperatures and is a quark-gluon plasma at high temperatures. There is a crossover re-
gion above which the chiral symmetry is restored and color charges are deconﬁned, around
150MeV – 200MeV. Ifit wereSU(3) Yang-Millstheory withoutquarks, thewell-deﬁned cen-
ter symmetry will break around 270 MeV, according to results of lattice QCD. The presence
of quarks spoils the sharp transition of center symmetry breaking, and lowers its transition
temperature.
In the region with larger µ, there is no reliable information from ﬁrst-principle lattice QCD
calculations. Nevertheless, most of the chiral models suggest that there is a QCD critical point
located at the end of a ﬁrst-order phase transition line. Searching for this critical point is of
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At low temperature T ≃ 0, a non-vanishing baryon density of nuclear matter4 arises at
µN ≃924 MeV. At the threshold µ = µN the density jumps from zero to normal nuclear density
0 17fm
−3. Above it the nuclear matter is a nuclear superﬂuid. This ﬁrst-order phase transition
is called the liquid-gas transition of nuclear matter. It weakens as temperature grows and
ﬁnally ends in a second-order critical point at T ≃15 MeV – 20 MeV.
If µ is asymptotically large, i.e., µ ≫ ΛQCD, the ground state of QCD matter can be ana-
lyzed with weak-coupling methods. It turns out that at low T quarks will form Cooper pairs
and condense in the vacuum state. This phenomenon is called color superconductivity.
I will study the phase diagram of QCD-like theories in Chapter 3, which is very diﬀerent
from that ofQCD. In the followingsection Iwill giveabrief introductionto QCD-like theories
and the motivation to study them.
2.3. QCD-like theories
Studying QCD-like theories may provide us with clues about how to solve the problems in
QCD. In QCD, the color group is SU(3) and the quarks are in its fundamental representation.
QCD-like theories can be created by changing the color group and/or the quarks’ representa-
tion. In this thesis I focus on two types of QCD-like theories:
Type I: quarks in a strictly real representation of the gauge group,
Type II: quarks in a pseudoreal representation of the gauge group.5
The typical examples of type-I theories include QCD with adjoint quarks of two (aQC2D)
or three (aQCD) colors. Type-II theories include two-color QCD with fundamental quarks
(QC2D).
The ﬁrst advantage of type-I and type-II QCD-like theories is that they are free of the
fermion sign problem [8, 9, 10, 11, 12, 13, 14]. The sign problem [15] is an obstacle for
numerical simulations of QCD with nonzero baryon chemical potential µ. In lattice QCD the
4The nucleon mass is about 939 MeV. The binding energy in isospin-symmetric nuclear matter is around
16 MeV.
5Consider a compact Lie group. A real representation R is equivalent to its conjugate representation R. The
similarity transformation matrix, U, is a unitary matrix. U can be either symmetric or antisymmetric. If U is
symmetric, R is called strictly real, otherwise it is pseudoreal.16 QCD and eﬀective models
partition function of QCD in Euclidean spacetime is written as
Z =
 
D[A  ¯ ψ ψ]e
−
 
d4x(Lgl(A)+¯ ψM(A)ψ) =
 
D[A] det M(A)e
−Sgl[A]  (2.15)
wherequantitieswithsubscript“gl”areforthepuregluonsector. Withoutthebaryonchemical
potential µ, we always have det M(A) ≥ 0 for any conﬁguration of the gluon ﬁeld A. Thus,
this determinant can be used for importance sampling in Monte-Carlo calculations. When
µ > 0, detµ M(A) is generally complex and its real part can be negative, thus it cannot be
interpreted as a probability distribution. Even after rewriting detµ M(A) =
     detµ M(A)
     eiθ, the
averaging of the phase θ still causes problems. However, it can be shown that with nonzero µ,
this determinant in type-I theories is always non-negative and in type-II is at least real. Thus
these theories can be simulated numerically on the lattice including density eﬀects.6
The second motivation to study QCD-like theories is that the ﬂavor symmetry of quarks is
very diﬀerent to that in QCD. With Nf massless quark ﬂavors, the global ﬂavor symmetry is
SU(2Nf) rather than the usual chiral group SU(Nf)L × SU(Nf)R × U(1)B. The reason is that
the charge-conjugated7quark ﬁeld (ψR)C which is a left-handed spinor transforms in the same
way as the left-handed quark ψL under both color and Lorentz transformations, so it is al-
lowed to transform them into each other while keeping the color symmetry intact. This means
that the multiplets of states in the spectrum will contain modes of diﬀerent baryon number.
In particular, apart from the pions the Nambu–Goldstone (NG) bosons of the spontaneously
broken ﬂavor symmetry will also include diquarks. These light diquarks are colorless bosons
carrying baryon charge, and hence at low temperature and suﬃciently high chemical poten-
tial, they will undergo Bose–Einstein condensation (BEC). This feature is very diﬀerent from
QCD, leading to a diﬀerent topology of the phase diagram, as will be shown in Chapter 3.
Besides the advantages mentioned above, in type-I theories the ZNc center symmetry re-
mains intact in the presence of dynamical quarks. This leads to a well-deﬁned deconﬁne-
ment phase transition, accompanied by spontaneous center symmetry breaking, instead of a
crossover as in QCD [16]. The associated order parameter is the expectation value of the
Polyakov loop. For the two- and three-color cases investigated in this thesis, the deconﬁne-
ment transition is of second and of ﬁrst order, respectively.
In Chapter 3 I will study the phase diagrams of aQC2D and aQCD, both belonging to
type I, using the Polyakov-loop Nambu–Jona-Lasinio (PNJL) model and in Chapter 4 I study
6In type-II theories, we need an even number of ﬂavors for the lattice simulations to be feasible.
7The charge-conjugatedquark ﬁeld is deﬁned as ψC = C ¯ ψT with the charge conjugation matrix C.QCD and eﬀective models 17
QC2D, belonging to type II, using dimensionally reduced eﬀective theory. Now it is time to
introduce these eﬀective theories for use in the following chapters.
2.4. Eﬀective theories
2.4.1. General philosophy of EFT
Because the coupling constant of QCD becomes larger when the energy scale decreases, per-
turbative methods become more and more imprecise for physics around and below the scale
of ΛQCD. Finally they fail to be applicable for calculations at these energy scales. In such a
situation, eﬀective ﬁeld theories (EFT) are not only convenient but also necessary to overcome
this problem.
An eﬀective ﬁeld theory8 includes appropriate degrees of freedom to describe the phe-
nomena occurring below a certain energy scale, Λ, called the cutoﬀ. The high-energy Hilbert
states in the underlying fundamental theory do not appear directly in the low-energy phenom-
ena, but they still inﬂuence the low-energy physics as a background of virtual ﬂuctuations
excited and annihilated in the vacuum. The beauty of eﬀective theories is that these eﬀects on
the low-energy physics can be reproduced to any desired precision using a ﬁnite number of
interactions and tuning their parameters.
An eﬀective ﬁeld theory can be intuitively constructed by explicitly integrating out the
heavy modes above Λ in the underlying theory. This is known as the Wilsonian approach.
If we denote the light modes as φL, the heavy ones as φH, the actions of the underlying and
eﬀective theory as S[φL φH] and SEFT[φL] respectively, then in terms of a path integral it can
be expressed as
Z =
 
D[φL φH]e
−S[φL φH] =
 
D[φL]e
−SEFT[φL]   (2.16)
After integrating out the high-energy states φH, the Lagrangian of the eﬀective theory, LEFT,
contains all possible interactions that are allowed by the symmetry of the theory and the regu-
8This topic can be found in many textbooks and the literature, e.g. Refs. [7, 17, 18, 19, 20, 21].18 QCD and eﬀective models
larization. It can be expressed as
LEFT =
 
i
λiOi
which is an inﬁnite sum over local operators9, Oi, composed of ﬁelds and their derivatives.10
The derivative in a term simply means that this type of interaction depends on external mo-
menta. The coupling constants, λi, are called Wilson coeﬃcients.
A speciﬁc eﬀective theory should include a method to organize the terms and a systematic
scheme of power counting to assess the importance of Feynman diagrams generated by the
interaction terms. Generally speaking, the termscan be ordered by the mass dimension of the
operators, di ≡ [Oi], which is possible because there are only a ﬁnite number of interactions
with the same dimension di. This order is equivalent to the order of their importance to the
low-energy physics. The reason will be shown below.
Because there are inﬁnitely many terms in LEFT, it is impossibleto calculate all of them. In
fact this is also not necessary, thanks to the nontrivial information provided by a dimensional
analysis. Every term λiOi in the Lagrangian must have the same energy dimension d as space-
time, which implies that the coupling, λi, must have [λi] = d−di. Because the operators come
from integrating out the heavy states, the most natural energy scales on which the Wilson
coeﬃcients depend are the heavy masses, Mheavy. Since their values are controlled beyond the
cutoﬀ, Λ, we can express the contribution from the high energy sector as
λiOi =
gi(Λ)
Λdi−dOi  
where gi(Λ) are dimensionless coeﬃcients.11 12 At a given energy scale E much lower than Λ,
the contribution of λiOi is suppressed by
 
E
Λ
 di−d
. This behavior ensures that up to a desired
precision, only a ﬁnite number of interactions are required to calculate observables provided
9Thenonlocaloperatorsobtainedfromthefunctionalintegrationcanbeexpandedintoaseriesoflocaloperators
as long as E ≪ Λ.
10The operators, Oi, also contain the quark mass matrix in chiral perturbation theory, because it is treated as a
small expansion parameter in the scheme of power counting for the low-energy regime.
11The coeﬃcients gi can contain factors from group theory, combinational factors, and phase-space factors. If
the size of gi is unnaturallylarge or small, an explanation is required. For example a small gi may come from
a weak breaking of some symmetry, otherwise gi would vanish without this breaking.
12The coeﬃcientsgi(Λ) are functionsof the cutoﬀ Λ because renormalizationgrouptheorytells us that the lower
the energy scales we integrate out, the more states will contribute to the coupling constants. However the
low-energyphysics is unaﬀected because the change of the coeﬃcients compensates the change in the cutoﬀ.QCD and eﬀective models 19
the energy E is ﬁxed. The higher the desired precision, the more higher-dimensionaloperators
are required.
It is a convention to classify the operators according to their dimension, or equivalently
by their importance. The contribution from terms with di < d are the most important and
are called relevant interactions. The terms with di = d, which are called marginal interac-
tions, give contributions of order one. The interactions with di > d are called irrelevant and
their contribution is suppressed by the powers of
 
E
Λ
 
. The irrelevant operators are also the
non-renormalizable ones, but they cause no trouble here because the eﬀective theory is not
supposed to be applicable at arbitrarily high energy scales but only at scales below Λ.
Although the Wilson coeﬃcients can in principle be calculated perturbatively using the
Wilsonian approach to integrate out all heavy modes above Λ, this procedure is cumbersome
beyond the leading order. There is a more practical and systematic method to construct an
eﬀective model from the underlying theory. To implement this method several steps should
be followed. First, the low-energy degrees of freedom should be identiﬁed for the eﬀective
theory, which should include at least the physical particles observed in experiments. Then
one constructs the most general low-energy Lagrangian consistent with the symmetries of the
underlying theory and the regularization, starting with the relevant interactions and adding the
ones with higher dimension order by order. After that, in order to determine the coeﬃcients,
one matches the low-energy results of the eﬀective theory to the results of the full theory
which are expanded around the low-energy limit. Finally, the solution to the renormalization
group equations can be used to improve the coeﬃcients, which is equivalent to resumming
logarithmic contributions. In Chapter 4 I will follow this procedure to match coeﬃcients of
ZQCD, a dimensionally reduced eﬀective theory of QCD with Z2 symmetry, at the leading
order.
The cutoﬀ Λ is the energy scale below which the physics can be well described by the
eﬀective theory. When the underlying theory is already known, the cutoﬀ Λ is easy to deﬁne.
For example we can set it equal to the mass of a heavy particle. What about when we do
not know the fundamental theory? In such a case we can use eﬀective theory to predict at
which energy new physics will emerge, i.e., we can extract Λ from experimental data. In
order to see this, let us imagine that experiments are carried out at an energy scale E. Here
E may be the energy in the center-of-mass frame. A ﬁeld theory which has Λ = ∞ and
contains only renormalizable interactions is built to explain the data. The parameters are ﬁtted
by computing several observables to suﬃcient order of the perturbative expansion in some
small expansion parameters and matching the results to the data. If the data not used in the20 QCD and eﬀective models
ﬁt can be explained by the theory, we accept the theory as a candidate for describing nature.
Now we keep E unchanged and improve the precision of the experiment. Then we repeat
the process of ﬁtting parameters and explaining unused data, until we arrive at a new level of
precision where some calculation cannot explain the data even if the perturbative calculation
is made to high enough order in the small expansion parameters. At this point the only way
out is adding new interactions of ﬁrst order in the
 
E
Λ
 
expansion, which are also the possible
non-renormalizable terms with the lowest dimension. Since their contributions can be used
to explain the discrepancy in the latest experiment, the order
 
E
Λ
 di−d
of the new interactions
should be the same as the precision of the data. Hence we can estimate the order of Λ for
the new physics. By adding a ﬁnite number of new terms and tuning the existing and newly
added coeﬃcients, the new data can be explained to the new precision.13 On the other hand,
if we increase the energy E instead of keeping it unchanged, the contribution of order
 
E
Λ
 di−d
becomes larger such that a low precision experiment can ﬁnd new physics. However, more
interaction terms may be necessary in order to achieve the same precision as at a lower E,
again because the
 
E
Λ
 
expansion converges less well. When E approaches Λ, the eﬀective
theory turns out to be useless because the
 
E
Λ
 
expansion no longer converges. In such a case
the energies are so high that the hidden heavy degrees of freedom are about to be excited,
which should also be contained in the eﬀective theory.
In fact it is the nature of eﬀective theories that makes our physics research possible. The
universe has a vast hierarchy of scales, from the cosmic distance to the tiniest particles. It
will be impossible to do anything if all levels of scales are taken into account. In fact we
always start with ignoring the short-range structure and focusing on the relevant scale of a
particular problem, as the “leading order” of the eﬀective theory. Then with more precise
experiments we include the eﬀects of short-range structures as higher-order corrections. At
the same time more fundamental theories are proposed to reproduce the coeﬃcients and used
to derive the interactions in the eﬀective theory. Finally most of these theories are ruled out by
new experimental data and only one survives, which is in the position of an eﬀective theory
for the next scale. Then history repeats itself with the newer physics.
13Because a number of non-renormalizable interactions are added, the calculation should be regulated by the
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2.4.2. NJL model
The Nambu–Jona-Lasinio (NJL) model was ﬁrst used to study the interaction between nucle-
ons before quarks were known [22]. Now it is widely used as an eﬀective model for QCD
below the energy scale of ΛQCD [23, 24, 25]. The biggest advantage of the NJL model is that
it inherits all the symmetries of QCD, as a result it is successful in describing the physics
related to the ﬂavor symmetries, such as the spontaneous breaking of chiral symmetry, its
restoration at nonzero temperature and density, and the properties of Goldstonebosons. Again
taking Nf = 2 as an example, the Lagrangian of the NJL model, which preserves the ﬂavor
SU(Nf)L × SU(Nf)R × U(1)B symmetry, reads
LNJL = ¯ ψ(i  ∂ − m)ψ + G
  ¯ ψψ
 2 +
 ¯ ψiγ5τψ
 2 
  (2.17)
The interaction between quarks in the NJL model is a four-fermion interaction which can be
understood as integrating out gluons as shown in Figure 2.2.
Figure 2.2.: Four-fermion interaction in the NJL model.
The parameters in the NJL model include the mass parameters of quarks m, the coupling
constant G, and the regularization parameters, for example the cutoﬀ Λ in momentum loop
integrals. They are usually ﬁxed by calculating physical quantities at T = µ = 0, such as the
mass of pion mπ, the pion-decay constant fπ, and the quark condensate density  ¯ ψψ . After
ﬁxing the parameters, the NJL model can be used to calculate the spontaneous breaking of
chiral symmetry. In mean-ﬁeld approximation (MFA), the bilinear operator ¯ ψψ can be written
as
¯ ψψ =  ¯ ψψ  + ˆ δ  (2.18)22 QCD and eﬀective models
where ˆ δ = ¯ ψψ −  ¯ ψψ . Substituting this approximation back into the Lagrangian and ignoring
the ˆ δ2 term, the approximation becomes
 ¯ ψψ
 2 ≃ 2 ¯ ψψ ¯ ψψ −  ¯ ψψ 
2   (2.19)
Thus the Lagrangian again becomes a free theory for quasi-fermions with eﬀective mass
m
∗ = m − 2G ¯ ψψ   (2.20)
where m is the mass parameter in the NJL Lagrangian. The condensate  ¯ ψψ  can in turn be
expressed as a loop integral of a quasi-fermion with eﬀective mass m∗. Then ﬁnally Eq. (2.20)
becomes a self-consistency equation for m∗, which is called the gap equation. It can be ex-
pressed using Feynman diagrams as shown in Figure 2.3.
= +
Figure 2.3.: The Feynman diagrams for the gap equation using the MFA in the NJL model. A single
line is the propagator of a free quark and a double line is that of a quasi-fermion with
eﬀective mass m∗.
The solution of the gap equation in the NJL model veriﬁes the belief that the condensate
¯ ψψ becomes small, i.e., chiral symmetry is restored, at high temperature and high baryon
chemical potential. Because gluons are absent in the NJL model, however, it cannot correctly
describe the color conﬁnement on its accessible energy scales.
2.4.3. PNJL model
In order to include the missing gluon sector and the conﬁnement feature in NJL the model,
the Polyakov-loop Nambu–Jona-Lasinio (PNJL) model was proposed [26, 27, 28, 29, 30]. In
the PNJL model an eﬀective potential for the Polyakov loop is added to the thermodynamic
potential of the NJL model, and the Polyakov loop is coupled to quarks by a constant temporal
background gluon ﬁeld in the covariant derivative. It is expressed as
LPNJL = ¯ ψ(i   D − m)ψ +G
  ¯ ψψ
 2 +
 ¯ ψiγ5τψ
 2 
− U(ℓ  ¯ ℓ T)  (2.21)QCD and eﬀective models 23
where Dµ = ∂µ − iAµ and the gauge coupling is absorbed into the Aµ ﬁeld, U is the eﬀective
potential of traced Polyakov loops, T is the temperature.
The parameters in the PNJL model include the old ones of the NJL model and new ones
in the gauge sector. The old ones are still ﬁxed by the same method as in the NJL model,
because at T = 0 the contribution from the gauge sector vanishes, thus the PNJL reduces to
the NJL model. To ﬁx the new parameters in the gauge sector, imagine we send the quark
mass to inﬁnity to decouple quarks from our model. Then the thermodynamic quantities of
the pure gauge sector can be calculated to match known results from lattice calculation of
the corresponding Yang-Mills theory, for example the temperature of the center symmetry
transition, the pressure, entropy density, and energy density.
After ﬁxing the old and new parameters separately, predictions can be made and compared
to results of lattice QCD. The successful qualitative reproduction of the coincidence of the
deconﬁnement and the chiral restoration temperatures, Td and Tχ, in QCD is one of the great
virtues of the PNJL model. However, as I will show in Chapter 3, QCD-like theories with
adjoint quarks are very diﬀerent with respect to this feature. First, Td ≪ Tχ, resulting in a
broad rangeoftemperaturesexhibitingdeconﬁned, butstillchirallybroken matter[31, 32, 33].
Second, Td does not change much compared to the puregauge theory when quarks are coupled
in, because adjoint quarks carry zero center charge.
2.4.4. Dimensional reduction and EQCD
In the imaginary time formalism the ﬁelds in the partition function Z fulﬁll periodic boundary
conditions (here φ is used for both the gluon ﬁeld A
µ
a and the quark ﬁeld ψ)
φ(x τ = 0) = ±φ(x τ = β)  (2.22)
They can be decomposed into Fourier modes in τ, i.e.,
φ(x τ) =
√
T
 
n
e
iωnτϕn(x)  (2.23)
with Matsubara frequencies ωn = 2nπT for bosons and νn = (2n + 1)πT for fermions. The
Matsubara frequencies act as a mass for the n-th component ϕn(x), which can be seen from24 QCD and eﬀective models
the bosonic propagator
D0(ωn p) =
1
p2 + (ω2
n + m2)
and the fermionic one
S0(ωn p) =
  p + m
p2 + (ν2
n + m2)
 
Now let us consider a theory in which the bosons have vanishing mass terms. It is easy to
see that the zeroth component ϕ0(x) of the boson ﬁelds remains almost massless and all other
components obtain masses of at least 2πT. The fermions always have nonzero masses larger
than or equal to πT for all the Fourier components, no matter whether the fermionic mass term
vanishes or not.
In such a case, the lightest low-energy excitation in the theory is the zeroth component of
the boson ﬁeld. This provides an opportunityto integrate out all heavy modes above T, i.e., all
nonzero bosonic modes and all fermionic modes, to build an eﬀective theory containing only
the bosonic zero mode ϕ0(x). This eﬀective theory lives in three-dimensional space and can
be used to reproduce the static correlation functions at long distances R ≫ 1 T because the
contribution from the exchange of any massive mode with frequency ωn is exponentially sup-
pressed14 at large R, with the exception of the zero mode. This process is called dimensional
reduction [34].
Before we start to construct the eﬀective theory for the bosonic zero mode, it is necessary
to have a closer look at the existing energy scales. The fact that the only dimensional quantity
in the theory is the temperature T does not imply that the only energy scale in the system is
of the typical kinetic energy of the particles, ∼ T. In fact, the screening eﬀect in the heat
bath generates a nonzero mass for the boson ﬁelds, which is much lower than T. This scale
corresponds to the screening of the long-range force at a much longer distance than T−1. For
example in massless λφ4 theory this scale is of order
√
λT, in QED it is of order eT, and in
QCD it is of order gT. Moreover, in nonabelian gauge theories exists another much lower
scale [35]. In QCD it is of order g2T due to the screening of the chromomagnetic force at a
14This behavior can be intuitively seen from the bosonic propagator
 ϕn(x)ϕ−n(0)  =
 
d3p
(2π)3
eip·x
p2 + ω2
n
=
e−|ωn|R
4πR
 
where R ≡ |x|.QCD and eﬀective models 25
distance (g2T)−1, in addition to the scale gT due to the screening of the chromoelectric force
at distance (gT)−1. Thus we can construct an eﬀective theory in three space dimensions for
the scale gT for QCD, which is called electrostatic QCD (EQCD) [36]. It is still possible
to build another eﬀective theory for the lower scale g2T, based on EQCD, which is called
magnetostatic QCD (MQCD). In this thesis I only discuss the scale gT, i.e., EQCD.
In EQCD the degrees of freedom are the electrostatic gluon Aa
0(x) and the magnetostatic
gluon Aa
i(x) with the space index i = 1 2 3 and the color index a = 1 ···  8. They are
the zero modes of the gluon ﬁeld Aa
µ(x τ). The magnetostatic gluon now inherits the color
gauge symmetry while the electrostatic gluon is in the adjoint representation of this residual
symmetry. Thus it is not hard to write down the relevant and marginal operators for EQCD,
LEQCD =
1
4
G
a
ijG
a
ij +
1
2
(DiA0)
a(DiA0)
a +
1
2
m
2
EA
a
0A
a
0 +
1
8
λE
 
A
a
0A
a
0
 2 + δLEQCD   (2.24)
where Ga
ij = ∂iAa
j − ∂jAa
i + gEf abcAb
i Ac
j is the magnetostatic ﬁeld strength with coupling con-
stant gE. The term δLEQCD contains all other local gauge-invariant operators of dimension 3
and higher. The parameters gE, mE, λE, and the parameters in δLEQCD are functions of the
QCD coupling g, the temperature T, and the ultraviolet regulator ΛE of EQCD. The scale ΛE
plays the role to separate the scale T from the scale gT. Another parameter fE, which is the
coeﬃcient of the unit operator omitted in Eq.(2.24), is needed to reproduce the free energy
density of thermal QCD. It can be deﬁned using the partition function of QCD as
ZQCD =
 
D[A
a
µ ψ  ¯ ψ]e
−SQCD = e
−V·fE
 
D[A
a
0(x) A
a
i(x)]e
−
 
d3xLEQCD   (2.25)
This fE can be understood as the contribution to free energy from the nonzero modes above
T. It also depends on g, T, and ΛE. The static correlation functions and the free energy of
QCD can be reproduced by tuning the parameters of LEQCD, including gE, mE, λE, and fE. The
dependence of ΛE in these EQCD parameters will ﬁnally be cancelled by the loop integrals
and cutoﬀ-independent observables can be reproduced.26Chapter 3.
QCD-like theories at nonzero T and µ: a
PNJL model study
In this chapter I will focus on type-I and type-II QCD-like theories, namely, those with quarks
in a strictly real and pseudoreal representation of the gauge group, respectively. As discussed
in Section 2.3, they have very diﬀerent phase diagrams compared to QCD. Here I will take
two-color (QC2D) and three-color adjoint QCD (aQCD) for examples and study their phase
diagrams and the behavior of Casimir scaling.
To model the gauge sector, I will use a simple lattice spin model with nearest-neighbor
interaction, inspired by the strong-coupling expansion [14, 26, 37, 38, 39, 40]. This is then
coupled to continuumquarks in afashion similarto thePolyakov-loopNJL (PNJL) model[26,
27, 28, 29, 30]. The successful qualitative reproduction of the coincidence of the deconﬁne-
ment and chiral restoration temperatures, Td and Tχ, in QCD is then one of the great virtues
of the PNJL model. On the other hand, aQCD is very diﬀerent. First, Td ≪ Tχ, resulting in a
broad range of temperatures exhibiting deconﬁned, but still chirally broken matter [31, 32, 33]
(seealsoRefs. [41,42]forrelated theorieswithperiodicboundaryconditionsforquarks). Sec-
ond, Td does not change much compared to the pure gauge theory when quarks are coupled
in, because adjoint quarks carry zero center charge. I will conﬁrm these features.
This chapter is organized as follows. In Sec. 3.1 I will introduce the model, working out
separately the actions in the gauge and quark sectors. The gauge part is well known from
literature, and I therefore just elaborate on the Weiss mean-ﬁeld approximation. In the quark
part I deal with the task to construct an interaction Lagrangian with SU(2Nf) ﬂavor symmetry.
While this was previously achieved for QC2D and actually applies equally well to all type-II
theories, here I construct analogously a model Lagrangian for type-I theories. Section 3.2 is
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devoted to two-color QCD. I study the phase diagram of aQC2D and derive the Ginzburg–
Landau (GL) theory that governs the behavior of the system near the tetracritical point. I will
show a simple closed analytic expression for the expectation values of the Polyakov loop in
all representations, valid in pure gauge theory as well as with dynamical quarks in an arbitrary
representation. In Sec. 3.3 I will show analogous results for aQCD.1
3.1. Model setup
In this section I discuss the model that I later on use for numerical computations. In the
gauge sector I employ a simple lattice-inspired model, which can in principle be used for any
number of colors. The quark NJL Lagrangian derived afterwards is applicable to all QCD-like
theories with quarks in a real representation. This is natural: the Lagrangian is based almost
exclusively on the ﬂavor symmetry and is therefore valid for an arbitrary number of colors.
The numerical values of the parameters in the model will be ﬁxed in the following sections
when I come to the discussion of concrete results.
3.1.1. Gauge sector
ThestartingpointforthepuregaugesectorisaneﬀectivetheoryforthePolyakovloopinspired
by the lattice strong-coupling expansion. I closely follow the notation and line of argument of
Ref. [26]. The action of the model is given by
Sg[L] = −N
2
ce
−a T
 
x y
ℓF(x)ℓ
∗
F(x + y)  (3.1)
where x are the lattice sites and y are the neighboring sites. (Boldface is used to indicate
spatial vectors.) The only adjustable parameter a is related to the string tension and can be
extracted from numerical simulations of the full (pure) gauge theory. Furthermore, ℓF(x) ≡
1
Nc TrLF(x) is the traced Polyakov loop in the fundamental representation; in the full gauge
theory, the Polyakov loop in a given representation R is deﬁned as
LR(x) ≡ Pexp
 
i
  1 T
0
dτA
a
4(x τ)TaR
 
  (3.2)
1This chapter is based on the publication Ref. [43].QCD-like theories at nonzero T and µ: a PNJL model study 29
where TaR are the gauge generators in this representation.
In the so-called Polyakov gauge where temporal gluon ﬁelds have constant values, this
simpliﬁes to
LR(x) = exp
 
iA
a
4(x)TaR T
 
  (3.3)
Moreover, only the components of Aa
4 corresponding to generators that form the Cartan sub-
algebra of the gauge group are nonzero. Let these components be θiT. (There are Nc − 1
independent ones; the conventional factor T makes the variables θi dimensionless.) Each
representation of the gauge group is characterized by a set of weights, wiα, that represent the
eigenvaluesof thegenerators of theCartan subalgebrain thisrepresentation; theindexα labels
thediﬀerent eigenvectorsoftheCartan subalgebra. Thetraced Polyakovloopin representation
R then reads
ℓR(x) =
1
dimR
 
α
e
iθi(x)wiα   (3.4)
In the fundamental representation, the Polyakov loop (in the Polyakov gauge) is usually repre-
sented as diag(eiθ1     eiθNc−1 e−i(θ1+···+θNc−1)). This corresponds to the choice of the Nc weights
of the fundamental representation as wiα = δiα for α = 1     Nc − 1, and wiNc = −1 for all i.
Equivalently, it can be written by deﬁning θNc = −(θ1 + ··· + θNc−1) up to an integer multiple
of 2π.
In the Weiss mean-ﬁeld approximation, the nearest-neighbor interaction is linearized and
the action (3.1) is replaced with the action Smf(α β), depending on two mean ﬁelds α β,2
Smf(α β) = −Nc
 
x
[αReℓF(x) + iβImℓF(x)]  (3.5)
The dynamical variables of the model (3.1) are the (untraced) Polyakov loops L(x) and its
partition function is therefore obtained as Zg ≡ exp(−Ωg T) =
   
x dL(x)exp(−Sg[L]),
where dL is the group-invariant (Haar) measure of the SU(Nc) gauge group. For the sake of
future reference, let us add that in terms of the phases θi, the Haar measure can be written as
dL =
Nc−1  
i=1
dθi
Nc  
i<j
|e
iθi − e
iθj|
2   (3.6)
2Here, I adhere to the notation introduced in Ref. [26]. The symbol β is not to be confused with the inverse
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The integration over the variables θi is performed over the range [0 2π]. More details of the
Haar measure can be found in Appendix A.
The thermodynamic potential can now be rewritten by subtracting and adding the mean-
ﬁeld action, resulting in the expression
Ωg
T
= −log
 
e
−(Sg−Smf) 
mf − log
   
x
dL(x)e
−Smf   (3.7)
Here and in the following,  · mf is the average with respect to the distribution deﬁned by the
mean-ﬁeld action. For a given (not necessarily local) function O[L] of the Polyakov loop, it
reads
 O mf =
   
x
dL(x)O[L]e
−Smf
   
x
dL(x)e
−Smf
  (3.8)
Note that when the function O is local and does not depend explicitly on the coordinate, the
product over lattice sites can be dropped.
Equation (3.7) is still exact; no approximation has been made so far. By the same token,
the thermodynamic potential Ωg is independent of the arbitrary variables α β. In the Weiss
mean-ﬁeld approximation, one replaces
 
e−(Sg−Smf) 
mf with e− Sg−Smf mf [26]. The mean ﬁelds
are then determined selfconsistently from the stationarity condition. In fact, as long as β = 0
so that the averaging is done with a real mean-ﬁeld action, one can use Jensen’s inequality3
to show that this approximation provides a strict upper bound for the exact free energy. Its
optimum estimate is then obtained by minimizing with respect to α.
The ﬁnal formula for the Weiss mean-ﬁeld gauge thermodynamic potential reads
ΩW
g a3
s
TV
= − 2(d − 1)N
2
ce
−a T ℓF mf ℓ
∗
F mf +
Nc
2
 
(α + β) ℓF mf + (α − β) ℓ
∗
F mf
 
−
− log
 
dLe
Nc(αReℓF+iβImℓF)  
(3.9)
3Jensen’s inequality states rather generally that for any real convex function f, f( x ) ≤  f(x) , where the
averaginginvolves either a (weighted) arithmetic mean in the discrete version of the inequality, or an integral
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Here as denotes the lattice spacing and the factor a3
s V is just the inverse of the number of
lattice sites; d stands for the dimensionality of spacetime so that 2(d − 1) is the number of
nearest neighbors on a cubic lattice.
3.1.2. Quark sector
The Lagrangian of the quark sector cannot be derived from the underlying gauge theory di-
rectly. However, it is strongly constrained by the requirement that it inherits all the symmetries
of the QCD-like theory. As already stressed above, in theories with Nf massless quark ﬂavors
in a (pseudo)real representation of the gauge group, the usual chiral symmetry is promoted to
SU(2Nf). In order to see how this comes about, let us start from the Lagrangian of the quark
sector, including a common mass m0 for all quark ﬂavors,
LQCD-like = ¯ ψi   Dψ − m0 ¯ ψψ  (3.10)
where Dµψ = (∂µ −igTaAa
µ)ψ is the gauge-covariant derivative. Indices are suppressed so that
this formula holds for quarks in any representation of the gauge group.
The fact that the quark representation is (pseudo)real means that there is a unitary matrix
P in color space such that PψC has the same transformation properties under the gauge group
as ψ.4 It is then advantageous to trade the Dirac spinor, consisting of the left- and right-handed
components, for the purely left-handed Nambu spinor,
Ψ =

        
ψL
PψC
R

        
  (3.11)
A crucial fact known from the theory of Lie algebras is that P is either symmetric or anti-
symmetric according to whether the quark representation is real or pseudoreal [44]. Writing
collectively PT = ±P and using (PψC
R)C = P∗ψR, we can introduce the charge-conjugated
Nambu spinor,
Ψ
C = P

        
ψC
L
(PψC
R)C

        
=

        
PψC
L
±ψR

        
  (3.12)
4Since P is a matrix in color space, it commutes with the charge conjugation matrix C which is a matrix in the
Dirac space. In QC2D, P can be set to τ2, i.e., the second Pauli matrix in color space. In aQCD, P can be set
to
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The Dirac conjugate of both Ψ and ΨC is deﬁned naturally by conjugating the individual
components. The Lagrangian (3.10) then becomes, in the Nambu formalism,
LQCD-like = Ψi   DΨ −

        
1
2
m0ΨC

        
0
1
±
1 0

        
Ψ + H.c.

        
  (3.13)
First of all, we can see that in the chiral limit, the Lagrangian of a QCD-like theory indeed
has an SU(2Nf) symmetry. Note that baryon number is already incorporated in this simple
group, for it is represented by the block matrix 1
2diag(
1 −
1) in Nambu space. The change
of the overall phase of the Nambu spinor corresponds to the axial U(1)A symmetry which is
broken at the quantum level by instanton eﬀects. Since the mass term has the same structure
as the chiral condensate, we can also immediately infer that for type-I (type-II) theories the
order parameter for ﬂavor symmetry breaking transforms as a(n) (anti)symmetric rank-two
tensor of SU(2Nf). Therefore, the two classes of theories have diﬀerent symmetry-breaking
patterns and subsequently also diﬀerent low-energy spectra. The symmetry-breaking patterns
in the vacuum are SU(2Nf) → SO(2Nf) and SU(2Nf) → Sp(2Nf) for type I and type II,
respectively [11].
The task to construct an NJL-type interaction compatible with the SU(2Nf) symmetry is
most easily accomplished using the Nambu notation (3.11). It is useful to stress right at the
outset that as long as only color-singlet channels are considered, each of the Lagrangians
to be constructed below applies to the whole class of QCD-like theories (type-I or type-II),
regardless of the detailed structureof the gauge group or the quark representation. In fact, NJL
Lagrangians for type-II theories with two quark ﬂavors were already constructed in Ref. [45].
Here I follow the same line of argument with the necessary modiﬁcations for the type-I case.
One property that further distinguishestype-I and type-II theories is the severityof the sign
problem. While I remarked before that all QCD-like theories considered here are free from
the sign problem, one should be a bit careful with type-II theories. There, the determinant of
the Dirac operator is in general real, but needs not be positive. In order that there be no sign
problem, one therefore has to consider an even number of ﬂavors. On the other hand, type-I
theories have no sign problem for any number of ﬂavors [8]. As a warm-up exercise, we thus
start with the simplest case of one ﬂavor.
In the following, the Pauli matrices σ0 1 2 3 = {
1 σ1 σ2 σ3} are used to denote the block
matrices in Nambu space, and τ0 1 2 3 = {
1 τ1 τ2 τ3} are used to denote the ﬂavor generators
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is real and three-dimensional. Using the basis of symmetric unimodular unitary matrices as
  Σ = {
1 iσ1 iσ3}, two four-fermion interaction terms can be immediately constructed,
L1f U(2) = G
     ΨC  ΣΨ
     
2
= G
 
(¯ ψψ)
2 + (¯ ψiγ5ψ)
2 + |ψCγ5ψ|
2 + |ψCψ|
2 
 
L1f SU(2) =
G
2
  
ΨC  ΣΨ
 2 + H.c.
 
= −G
 
(¯ ψψ)
2 − (¯ ψiγ5ψ)
2 + |ψCγ5ψ|
2 − |ψCψ|
2 
 
(3.14)
While the former preserves the axial U(1)A, the latter breaks it explicitly. It is easy to verify
that L1f SU(2) is the ’t Hooft determinant term, i.e.
L1f SU(2) = 2G(detΨC
i Ψj + H.c.)  (3.15)
For two ﬂavors, the ten basis matrices of the symmetric rank-two tensor representation of
the ﬂavor SU(4) group are chosen as the symmetric Kronecker products of σ and τ, i.e.
  Σ = {σsym ⊗ τsym σantisym ⊗ τantisym}  (3.16)
Since the 10-dimensional representation of SU(4) is complex, only one of the above two pos-
sibilities to construct an invariant interaction term remains,
L2f U(4) = G
     ΨC  ΣΨ
     
2
= G
 
(¯ ψψ)
2 + (¯ ψiγ5  τψ)
2 + (¯ ψiγ5ψ)
2 + (¯ ψ  τψ)
2 +
 
S
|ψCτSψ|
2 +
 
S
|ψCγ5τSψ|
2 
 
(3.17)
which preserves U(1)A automatically. (Here τS denotes the set of symmetric Pauli matri-
ces, τS = {
1 τ1 τ3}.) A U(1)A breaking interaction can again be introduced by the ’t Hooft
determinant term, but such a term will be an eight-fermion contact interaction which is not
considered here in the model.
3.1.3. Mean-ﬁeld approximation
I will employ the usual mean-ﬁeld approximation, introducing the collectivebosonicﬁelds via
the Hubbard–Stratonovich transformation and subsequently replacing them with their vacuum
expectation values. To that end, however, one ﬁrst needs to guess which condensates (order
parameters) will appear in the phase diagram. The case of type-II theories with two quark
ﬂavors wasworkedoutinRef. [45]: as longasjustthebaryonchemicalpotentialisconsidered,34 QCD-like theories at nonzero T and µ: a PNJL model study
one only needs the chiral condensate, σ = −2G ¯ ψψ , and the scalar diquark condensate,
∆ = 2iG ψTCγ5Pτ2ψ . Since the diquark wave function is antisymmetric in color as well as
spin indices, it must, by means of the Pauli principle, also be antisymmetric with respect to
ﬂavor. The (spin-zero) diquark in type-II theories therefore mixes quarks of diﬀerent ﬂavors.
Consequently, in the presence of an isospin chemical potential the diquark pairing feels stress
and eventually diminishesvia a ﬁrst-order phase transition, with a narrow window of chemical
potentials featuring inhomogeneous pairing [45, 46].
In type-I theories the scalar order parameters are symmetric in color and antisymmetric in
spin indices, hence they must be symmetric in ﬂavor. This is in accordance with the fact that
for two ﬂavors, there are altogether nine NG bosons of the SU(4) SO(4) coset, the isospin
triplet of pions and the isospin triplet of (complex) diquarks. At zero isospin chemical poten-
tial, the isospin multipletsare strictly degenerate. In particular all uu, dd, and ud+du diquarks
can condense when the baryon chemical potential exceeds their common mass. Moreover, for
arbitrarily small isospin chemical potential, the diquarks formed from quarks of the same ﬂa-
vor will be favored. Such single-ﬂavor condensates do not feel stress at nonzero chemical
potential, and the phase diagram of type-I theories will therefore not contain inhomogeneous
phases, as observed in Ref. [47].
With the above argument in mind, we can restrict the attention to single-ﬂavor conden-
sates. The fact that the two-ﬂavor four-fermion interaction (3.17) automatically preserves
U(1)A means that the condensates diﬀering just by opposite parity will be degenerate. How-
ever, we know from the Vafa–Witten theorem that in the vacuum parity is not spontaneously
broken [48]. The degeneracy will be eventually lifted by instanton eﬀects, manifested in the
eight-quark ‘t Hooft interaction term. Within the present model, I will simply ignore the
negative-parity channels.
As long as we only deal with one-ﬂavor condensates, we can write down the contribution
to the thermodynamic potential from a single quark ﬂavor. This equals the thermodynamic
potential of free fermionic quasiparticles. In presence of a pairing gap ∆, their dispersion
relation reads Ee
k =
 
(ξe
k)2 + ∆2, where ξe
k = ǫk + eµ, e = ±, and ǫk =
√
k2 + M2; M =
m0+σ is the constituent quark mass and µ the quark chemical potential. The gauge and quark
sectors are coupled in the PNJL spirit [27]. In the Polyakov gauge the temporal component
of the gauge ﬁeld is constant. The individual quark color states in a given representation
will then have, in the presence of the background gauge ﬁeld, eﬀective chemical potentials
iT
 
i θiwiα. Since the quasiparticle spectrum discussed above is the same for all color states
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potential of one quark ﬂavor will simply be
Ωq
VNf
=
σ2 + ∆2
4G
−
 
e
 
d3k
(2π)3 ×
×
 
E
e
k dimR + 2T log
  
α
 
1 + 2cos(θiwiα)e
−Ee
k T + e
−2Ee
k T 1 2 
mf
 
 
(3.18)
The power of 1 2 in the second line compensates the doubling of the number of degrees of
freedom in the Nambu formalism.
The group average must be performed once the quarks are coupled to the Polyakov loop.
Note that I do not average the full quark thermodynamic potential, but only the argument
of the logarithm. This replacement was introduced in Eq. (13) of Ref. [26] as a convenient
approximation to  Ωq mf. However, in Appendix C I present a heuristicargument showing that
the prescription (3.18) is actually superior to the full average  Ωq mf. While with fundamental
quarks considered in Ref. [26] the numerical diﬀerence between the two ways of evaluating
the quark sector thermodynamic potential is negligible, it is pointed out that with adjoint
quarks, taking the average  Ωq mf would lead to unphysical artifacts which are not present in
Eq. (3.18).
3.1.4. Parameter ﬁxing in the quark sector
The NJL part of the model has three adjustable parameters: the coupling G, the current quark
mass m0, and the ultraviolet cutoﬀ that regulates divergent integrals. (Here I use the three-
momentum regularization scheme.) These need to be ﬁxed by ﬁtting to three selected observ-
ables. A conventional, and convenient, choice are the chiral condensate, pion mass, and pion
decay constant in the vacuum. While the pion mass is more or less a free parameter that can be
easily modiﬁed in lattice simulations by tuning the quark mass, the remaining two parameters
depend on the single physical scale of the underlying theory, and cannot therefore be adjusted
at will.
In three-color QCD with fundamental quarks, one can directly use experimental observ-
ables. In QC2D, the input parameters were determined in Ref. [49] from their three-color
counterparts by Nc-rescaling. Unfortunately, we are not aware of suitable lattice data that
would allow us to ﬁx the parameters directly in the case of aQCD and aQC2D. We therefore
use the following indirect argument. Suppose that there is a theory with both fundamental and
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gluons is the same in both representations. Since the eﬀective meson-channel Lagrangians of
the NJL type can be derived from a one-gluon-exchange-inspired interaction, this allows us to
ﬁx the ratio of the eﬀective couplings in the fundamental and adjoint quarks sectors.
Concretely, assume the current–current interaction
Lint = −g(¯ ψγ
µTaRψ)
2   (3.19)
The coupling g can be directly related to the microscopic QCD coupling and the screening
mass of the gluon in the one-gluon-exchange approximation. We can therefore assume that it
is the same for fundamental and adjoint quarks. Performing the Fierz transformation to the
meson channel yields the eﬀective NJL coupling GF = g(N2
c − 1) (2N2
cNf) for fundamental
quarks [25]. For adjoint quarks we analogously obtain GA = gNc [(N2
c − 1)Nf]. This results
in the ratio
GA
GF
=
2N3
c
(N2
c − 1)2   (3.20)
The derivation of this relation is sketched in Appendix B. In the following sections, I will use
it to infer the value of the coupling for adjoint quarks from that for the fundamental ones and
will not refer to the original current–current interaction anymore.
Equation (3.20) would at ﬁrst glance suggest that the coupling for adjoint quarks is weaker
than for the fundamental ones (with the exception Nc = 2). One may then wonder why the
chiral restoration temperature is much higher for adjoint quarks. The reason for this is that
in the gap equation, the coupling is multiplied by the number of quark degrees of freedom
coming from the quark loop. The eﬀective coupling ratio for adjoint versus fundamental
quarks therefore is 2N2
c (N2
c − 1) which is always larger than two.
3.2. Two colors
For two colors, the group integration is easily done and it is possible to ﬁnd closed ana-
lytic expressions for all general formulas derived above. First, there is just one independent
phase θ, associated with the only diagonal generator of the SU(2) gauge group. The (2j + 1)-
dimensional spin-j representation then has weights −2jθ ···  +2jθ, and one immediately ob-QCD-like theories at nonzero T and µ: a PNJL model study 37
tains
ℓj =
1
2j + 1
sin
 
(2j + 1)θ
 
sinθ
  (3.21)
The Haar measure (3.6) reduces to dL =
1
π sin
2 θdθ, normalized so that the group volume is
unity.
Since all traced Polyakov loops of SU(2) are real, only one mean ﬁeld α is needed in
Eq. (3.5). Using the deﬁnition of the modiﬁed Bessel function of integer order,
In(x) =
1
π
  π
0
dθe
xcosθ cosnθ  (3.22)
and the recurrence relation In−1(x)−In+1(x) =
2n
x In(x), one derives the expectation value of the
Polyakov loops [50],
 ℓj mf =
I2j+1(2α)
I1(2α)
  (3.23)
The gauge part of the thermodynamic potential (3.9) in turn becomes
ΩW
g
V
= bT
 
−24e
−a T ℓF 
2
mf + 2α ℓF mf − log
I1(2α)
α
 
  (3.24)
where b = a−3
s and can be compared with the “standard” PNJL model [26, 49]. The weights of
the adjoint representation are −2 0 2 and the group average in the quark sector is also easily
evaluated. The result is most conveniently written in terms of the expectation value of the
adjoint Polyakov loop,
Ωq
VNf
=
σ2 + ∆2
4G
−
 
e
 
d3k
(2π)3
 
3E
e
k + 2T log
 
1 + e
−Ee
k T 
+
+ 2T log
 
1 − e
−Ee
k T + e
−2Ee
k T + 3e
−Ee
k T ℓA mf
  
 
(3.25)
This is the formula that is used for the analysis of the phase diagram.
3.2.1. Phase diagram
The ﬁrst thing that needs to be done is to ﬁx the parameters of the model. There are altogether
ﬁve of them: the coupling, current quark mass, and cutoﬀ in the quark sector, and a b in the38 QCD-like theories at nonzero T and µ: a PNJL model study
gauge sector. The method to estimate the NJL input parameters was explained in Sec. 3.1.4,
so I simply use the parameter set for QC2D established in Ref. [49] and rescale the coupling
according to Eq. (3.20). Also, we introduce an additional factor of two to account for the fact
that there is only one quark ﬂavor here. As to the gauge sector, I use the same physical input
as in Ref. [49], that is, the critical temperature in the pure gauge theory T0
d = 270 MeV and the
string tension σs = (425 MeV)2. These values were obtained from the three-color pure gauge
theory using their scaling properties in the limit of a large number of colors, so quantitatively
they do not precisely agree with those one would obtain directly from the two-color lattice
gauge theory. However, this does not matter since we do not ﬁt the parameters in the quark
sector to lattice data. I merely wish to demonstrate the general trends as the number of colors
or the quark representation are varied.
Since I use a diﬀerent potential for the Polyakov loop than in Ref. [49], the parameters a b
will actually take diﬀerent values despite the same input for T0
d and σs. The deconﬁnement
transition in the pure gauge theory is of second order with two colors, hence we can expand
the thermodynamic potential (3.24) to second order in α,
ΩW
g
V
= bTα
2
 
1
2
− 6e
−a T
 
+ O(α
4)  (3.26)
From here one concludes that a = T0
d log12. The lattice spacing as, hence the parameter b,
is then determined from the strong-coupling relation a = σsas. The numerical values of all
parameters are summarized in Tab. 3.1.
a [MeV] b1 3 [MeV] Λ [MeV] G [GeV−2] m0 [MeV]
670 9 269 2 657 25 71 5 4
Table 3.1.: Model parameters for two-color QCD with adjoint quarks.
The Weiss mean-ﬁeld approximation employed here diﬀers from the mean-ﬁeld approxi-
mation used in Ref. [49], which I will henceforth refer to as “naive” for reasons explained in
Appendix C. In the latter, the gauge sector potential can be expressed solely in terms of the
fundamental Polyakov loop and it reads,
Ωnaive
g
V
= −bT
 
24e
−a Tℓ
2
F + log(1 − ℓ
2
F)
 
  (3.27)QCD-like theories at nonzero T and µ: a PNJL model study 39
cf. Eq. (3.24). It is therefore mandatory to compare the results obtained with the two ap-
proaches. I do so within the pure gauge theory. The expectation values of the fundamental
Polyakov loop and the mean ﬁeld α are shown in Fig. 3.1.5 It is obvious that the results for the
Polyakov loop are not sensitive to the particular implementation of the gauge sector as long as
the parameters are adjusted to reproduce the same physical observables.
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Figure 3.1.: Comparison of the expectation values of the mean ﬁeld α (dashed) and the fundamental
Polyakov loop (solid) in the naive (thin black lines) and Weiss (thick red lines) mean-ﬁeld
approximations to the pure gauge theory.
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Figure 3.2.: Phase diagram of two-color QCD with one ﬂavor of adjoint quarks. Black solid line:
deconﬁnement transition. Red dashed line: BEC transition. Blue dotted line: chiral
crossover. The right panel zooms in the temperature scale so that the cusp in the de-
conﬁnement critical line is visible.
Figure3.2showsthephasediagramofaQC2Dwithonequarkﬂavorin theplaneoftemper-
ature and quark chemical potential. The deconﬁnement transition associated with the break-
5Note that there is no α in the naive mean-ﬁeld approximation. The values plotted in Fig. 3.1 were obtained by
inverting the relation (3.23).40 QCD-like theories at nonzero T and µ: a PNJL model study
ing of the center Z2 is denoted by the black solid line, while the BEC transition at which the
baryon number U(1)B is broken is indicated by the red dashed line. In addition to these two
sharp phase transitions, there is a smooth crossover associated with the melting of the chiral
condensate. Its position, shown in the left panel of Fig. 3.2 by the blue dotted line, is deﬁned
here by the maximum temperature gradient of σ. In the chiral limit, this also becomes a sharp
second-order phase transition. As expected, it does appear at a temperature much higher than
that of the deconﬁning transition (Td = 270 MeV, while Tχ = 780 MeV so that Tχ Td = 2 89).
However, the precise value of this temperature as determined by our model is strongly aﬀected
by the cutoﬀ, as is discussed in more detail in Sec. 3.3.1.
The temperature of the deconﬁning transition depends on the chemical potential extremely
weakly, even less than in QC2D [49]. The reason apparently is that the adjoint quarks are
neutral with respect to the center symmetry. The behavior of the transition lines in the vicinity
of their “intersection” will be analyzed in detail in the following subsection. Finally, the BEC
transition at zero temperature occurs at µ = 92 MeV, which is in a good agreement with the
fact that the mass of the pion/diquark multiplet in the vacuum is mπ = 184 MeV within our
parameter set.
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Figure 3.3.: Condensates in aQC2D at µ = 100 MeV as a function of temperature. The chiral con-
densate σ (black solid line), diquark condensate ∆ (red dashed line), and the fundamental
Polyakov loop (blue dotted line) are shown.
As an illustration of the solution of the gap equations, I plot in Fig. 3.3 the condensates at
µ = 100 MeV as a function of temperature. One can clearly see the eﬀect of the suppression
of thermal quark ﬂuctuations in the conﬁned phase: the condensates are nearly constant for
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3.2.2. Tetracritical point
Since the BEC and deconﬁnement phase transitions are both well-deﬁned, being associated
with exact symmetries even in the presence of massive dynamical quarks, aQC2D exhibits a
rather unusual critical behavior in the vicinity of the tetracritical point where the two second-
order transition lines cross each other [51]. This is unlike (three-color) aQCD in which the
deconﬁnement transition is of ﬁrst order. There, the second-order BEC critical line is inter-
rupted around the deconﬁnement transition, meeting the deconﬁnement line at two tricritical
points. This general expectation is conﬁrmed by our explicit model calculation here and in the
following sections.
Here I will analyze the details of the phase transitions in the vicinity of the tetracritical
pointusingtheGLtheory. Thethermodynamicpotentialdependson threemeanﬁelds, α σ ∆.
Only two of them, α and ∆, comprise order parameters for spontaneous symmetry breaking
of an exact symmetry (unless we consider the chiral limit). In order to construct the GL free
energy, one therefore needs to eliminate σ in favor of α ∆ by means of its gap equation.
Around the tetracritical point, we can then perform a double Taylor expansion of the total
thermodynamic potential, Ω = ΩW
g + Ωq. Thanks to the Z2 and U(1)B symmetries, it depends
just on the squares of the mean ﬁelds,
Ω(α2 ∆2)
V
= bαα
2 + b∆∆
2 +
1
2
 
λαα(α
2)
2 + 2λα∆α
2∆
2 + λ∆∆(∆
2)
2 
  (3.28)
The eﬀective quartic couplings are determined by the second total derivatives of the thermo-
dynamic potential,
λαα =
1
V
d2Ω
d(α2)2   λα∆ =
1
V
d2Ω
dα2d∆2   λ∆∆ =
1
V
d2Ω
d(∆2)2   (3.29)
evaluated at α = ∆ = 0. These total derivatives are in turn given in terms of the partial
derivatives of the thermodynamic potential as a function of all three mean ﬁelds,
d2Ω
dχidχj
=
∂2Ω
∂χi∂χj
−
∂2Ω
∂χi∂σ
 
∂2Ω
∂σ2
 −1 ∂2Ω
∂σ∂χj
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where χi stands for α2 ∆2. In order to evaluate the GL quartic couplings, we need to know six
second partial derivatives of the thermodynamic potential,
∂α2α2Ω
V
=
1
4
bT
 
16e
−a T − 1
 
+ NfT
 
e
 
d3k
(2π)3
cosh(ξe
k T)
[2cosh(ξe
k T) − 1]2  
∂α2∆2Ω
V
=Nf
 
e
 
d3k
(2π)3
sinh(ξe
k T)
ξe
k
1
[2cosh(ξe
k T) − 1]2  
∂∆2∆2Ω
V
=
3
4
Nf
 
e
 
d3k
(2π)3
1
(ξe
k)3

    tanh
3ξe
k
2T
−
3ξe
k
2T cosh
2(3ξe
k 2T)

     
∂σα2Ω
V
=2MNf
 
e
 
d3k
(2π)3
1
ǫk
sinh(ξe
k T)
[2cosh(ξe
k T) − 1]2  
∂σ∆2Ω
V
=
3
2
MNf
 
e
 
d3k
(2π)3
1
ǫk(ξe
k)2

    tanh
3ξe
k
2T
−
3ξe
k
2T cosh
2(3ξe
k 2T)

     
∂σσΩ
V
=
Nf
2G
m0
M
+ 3M
2Nf
 
e
 
d3k
(2π)3
1
ǫ3
k

    tanh
3ξe
k
2T
−
3ǫk
2T cosh
2(3ξe
k 2T)

     
(3.31)
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Figure 3.4.: Schematic phase diagram of the Ginzburg–Landau theory with two order parameters.
Thick lines denote second-order phase transitions. The labels indicate which order pa-
rameters take nonzero values in a given phase.
In order to see how the two condensates aﬀect each other close to the tetracritical point,
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to have the form
Ω(φ1 φ2)
V
= b1φ
2
1 + b2φ
2
2 +
1
2
(λ11φ
4
1 + 2λ12φ
2
1φ
2
2 + λ22φ
4
2)  (3.32)
[In our case, all other terms are prohibited by the Z2 and U(1)B symmetries.] The phase dia-
gram of such a model is depicted in Fig. 3.4. If only one condensate were present, the position
of the phase transition would be determined by the point where the respective b coeﬃcient
changes sign. However, when both condensates are present, the transition lines shift. This is
most easily seen from the expression for the nontrivial solution to the gap equations with both
order parameters being nonzero,
φ
2
1 =
−λ22b1 + λ12b2
λ11λ22 − λ2
12
  φ
2
2 =
λ12b1 − λ11b2
λ11λ22 − λ2
12
  (3.33)
We can therefore see that the size of the region with both condensates depends on the sign and
magnitude of the oﬀdiagonal coupling λ12.
The description of the phase transitions based on the GL theory is universal and model
independent as long as it captures the correct degrees of freedom and symmetries. A non-
trivial task in general is to ﬁnd the mapping of the (b1 b2) plane displayed in Fig. 3.4 to the
physical observables, in our case the temperature and chemical potential. Even though this
is in principle possible with our PNJL model, here I performed just a basic compatibility
check. Evaluating the GL coeﬃcients for our parameter set using Eq. (3.31), one ﬁnds that
λαα ≈ 2 3 × 10−3Λ4, λα∆ ≈ 5 7 × 10−7Λ2, and λ∆∆ ≈ 9 7 × 10−6. The oﬀdiagonal coupling
is positive which means that the two condensates “repel” each other as in the left panel of
Fig. 3.4. However, since the GL couplings are numerically very small, the angles between the
critical lines hardly change at the tetracritical point. The slightdeﬂection of theBEC transition
line is visible in the left panel of Fig. 3.2. That the same happens to the deconﬁnement line is
made manifest by the detail of the critical line shown in the right panel of Fig. 3.2.
3.2.3. Casimir scaling
The Casimir scaling hypothesis [50, 52] states that the color-singlet potential between a static
quark and antiquark at intermediate distance is proportional to the quadratic Casimir invariant,
C2(R), of the representation R of the quarks. This statement is exact at two-loop order in
perturbation theory [53] and receives corrections only at three-loop order [54]. At the same
time, thereiscompellingevidencefrom latticesimulationsthat itholdstoahigh accuracy even44 QCD-like theories at nonzero T and µ: a PNJL model study
in the nonperturbative regime [40, 55, 56, 57]. It may thus provide a handle to understand the
nonperturbative behavior of QCD-like theories, and as such should be a necessary ingredient
in any model attempting to mimic QCD (thermo)dynamics [58].
In the PNJL model, one cannot directly access the conﬁning potential feature of QCD.
However, the scaling of the static potential implies an analogous property of the expecta-
tion values of the Polyakov loops [40, 59]: the quantity  ℓR 1 C2(R) should be independent of
the representation R. This can be easily obtained from the relationship between the quark-
antiquark potential and the Polyakov loop in 2.1.3. Since we have the analytic formula (3.23)
for the expectation values of all Polyakov loops in two-color QCD, where one has simply
C2(j) = j(j+1), we can easily check to what extent Casimir scaling is satisﬁed by our model.
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Figure 3.5.: Expectation values of the Polyakov loops in various representations as a function of the
fundamental Polyakov loop in the case of two colors. Boldface numbers indicate the
“spin” jof the representation. Left panel: unscaled Polyakov loops. Right panel: Casimir-
scaled Polyakov loops. For convenience, we take the C2(F) C2(R) power of the expecta-
tion values of the Polyakov loops so that the fundamental loop is left intact.
Note that the expectation values of all Polyakov loops are expressed in terms of the mean
ﬁeld α, which can in turn be traded for the fundamental loop. In Fig. 3.5 I therefore plot the
expectation values of the Polyakov loops in selected representations against that in the funda-
mental representation [40, 60]. Comparing the left and right panels that display the unscaled
and scaled Polyakov loops, we can see that the Casimir scaling is very well reproduced as the
value of the fundamental loop approaches one, which corresponds to high temperatures. It
becomes worse at low temperatures where the nearest-neighbor interaction model (3.1) over-QCD-like theories at nonzero T and µ: a PNJL model study 45
simpliﬁes the physics. Lattice data that hint at almost exact scaling even at low temperatures
can be reproduced more satisfactorily once we add moreterms includinghigher representation
Polyakov loops in Eq. (3.1) [40].
Within our model, we can check even analytically how well Casimir scaling is satisﬁed
at high temperatures, and hence, at high values of α. Carrying out the Taylor expansion of
Eq. (3.23) around α = +∞, one ﬁnds
 ℓj 
1 j(j+1)
mf = 1 −
1
α
+
1
4α2 +
j2 + j − 1
8
12α3 + O
  1
α4
 
  (3.34)
We can see that Casimir scaling is only violated at the fourth order of the expansion.
One important observation regarding the results in Fig. 3.5 is that they are based just on
the group average (3.8) and do not make any reference to the quark sector of the model.
Therefore, they apply equally well to two-color QCD with quarks in any representation as
well as to the pure gauge theory. In particular, the same curves hold even for nonzero chemical
potential, which provides us with a unique opportunity to study Casimir scaling at nonzero
baryon density. The quark sector will just aﬀect the dependence of the mean ﬁeld α on the
temperature and chemical potential, and therefore the speed at which the curves are traversed
as T and µ vary.
3.3. Three colors
For three colors, the group integration is performed with the measure
dL =
dθ1dθ2
6π2
 
sin(θ1 − θ2) − sin(2θ1 + θ2) + sin(θ1 + 2θ2)
 2   (3.35)
Three-color QCD with fundamental quarks has a charge conjugation invariance, which is im-
plemented in the PNJL model by a simultaneous change θi → −θi, µ → −µ. Therefore, at any
ﬁxed nonzero chemical potential this charge conjugation invariance is explicitly broken. As a
result, the expectation values  ℓF  and  ℓ∗
F  split. At the same time, the mean-ﬁeld β becomes
nonzero [26].
On the other hand, the situation in aQCD is diﬀerent. Thanks to the reality of the gauge
group representation, the nonzero weights appear in pairs with opposite sign. Consequently,
the theory is invariant under separate charge conjugation in the quark and gluon sectors. The46 QCD-like theories at nonzero T and µ: a PNJL model study
charge conjugation invariance in the gauge sector guarantees that the Polyakov loop in a given
(e.g. fundamental)representation and its complex conjugatealways have the same expectation
value. We may therefore dispense with the mean ﬁeld β, which greatly simpliﬁes the group
integration. In the gauge sector one can still obtain an analytic expression for the thermody-
namic potential, albeit in the form of an inﬁnite series [39]. One deﬁnes a function
F(α) =
+∞  
m=−∞
detIm+i−j(α)  (3.36)
where the determinant is taken with respect to the indices i  j. One then ﬁnds the following
expression for the thermodynamic potential,
ΩW
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= −6e
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F′(α)
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 2
+ α
F′(α)
F(α)
− logF(α)  (3.37)
and the expectation value of the fundamental Polyakov loop,
 ℓF mf =
1
Nc
F′(α)
F(α)
  (3.38)
The derivation of this formula is deferred to Appendix D where it will be generalized and used
to write analytic expressions for the expectation values of all Polyakov loops.
The eigenvalues of the Polyakov loop in the adjoint representation are 1 [(Nc − 1)-times
degenerate] and ei(θi−θj) for all pairs i , j. The logarithmic term in Eq. (3.18) becomes
2log
 
(1 + x)
Nc−1
Nc  
i<j
 
1 + 2xcos(θi − θj) + x
2  
mf
  (3.39)
where I abbreviated x = e−Ee
k T. Speciﬁcally for three colors this is equal to
2log
 
(1 + x)
2 
1 + 2xω1 + x
2(3 + 4ω2) + 4x
3(ω1 + 2ω3) + x
4(3 + 4ω2) + 2x
5ω1 + x
6  
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Group integration reduces to evaluation of three averages,
ω1 = cos(θ1 − θ2) + cos(θ2 − θ3) + cos(θ3 − θ1) mf  
ω2 = cos(θ1 − θ2)cos(θ3 − θ1) + cos(θ2 − θ3)cos(θ1 − θ2) + cos(θ3 − θ1)cos(θ2 − θ3) mf  
ω3 = cos(θ1 − θ2)cos(θ2 − θ3)cos(θ3 − θ1) mf  
(3.41)
These can be performed independently of the value of x, so the evaluation of the quark
thermodynamic potential factorizes into a one-dimensional momentum integral and a two-
dimensional group integration. The latter can be performed either numerically or even analyt-
ically in a fashion similar to Eq. (3.36), as sketched in Appendix D.
3.3.1. Phase diagram
Again, we ﬁx the parameters for the subsequent numerical computations ﬁrst. The parameter
a is determined by the deconﬁnement temperature T0
d in the pure gauge theory. With the
thermodynamic potential (3.37), this corresponds to e−a T0
d = 0 13427. Demanding T0
d =
270 MeV, this yields a = 542 1 MeV. The parameter b is in turn obtained from the physical
string tension σs = (425 MeV)2, as in the two-color case. In the NJL sector, we use the
parametersofthetwo-ﬂavormodelwithfundamentalquarks, Λ = 651 MeV,G = 5 04 GeV
−2,
m0 = 5 5 MeV, ﬁtted to reproduce the pion mass and decay constant and the chiral condensate
in the vacuum (see, for instance, Ref. [28]). The coupling is rescaled by the factor 27 32 in
accord with Eq. (3.20), and an additional factor of two to account for the fact that we have
only one ﬂavor here. The values of all parameters used in our calculations are summarized in
Tab. 3.2.
a [MeV] b1 3 [MeV] Λ [MeV] G [GeV−2] m0 [MeV]
542 1 333 2 651 8 51 5 5
Table 3.2.: Model parameters for three-color QCD with adjoint quarks.
As a basic cross-check I again evaluated ﬁrst the deconﬁnement and chiral restoration
temperatures (in the chiral limit) at zero chemical potential. The values Td = 270 MeV and
Tχ = 663 MeV yield the ratio Tχ Td = 2 46. This is quite far from the value ≈ 8 measured on
the lattice [32, 33]. (Note that in Ref. [41] the lattice value of this ratio was achieved by tuning48 QCD-like theories at nonzero T and µ: a PNJL model study
the parameters of the model.) However, one should keep in mind that we made just a rough
estimate of the NJL coupling G and cutoﬀ Λ, on which the chiral restoration temperature
depends very sensitively. In principle, one could use the lattice value for the ratio Tχ Td as
an input in the model. Nevertheless, one cannot really hope to describe the chiral restoration
in a quantitatively satisfactory manner within our model. The ﬁrst reason is that at such high
temperatures, the calculation of the thermodynamic potential is plagued by cutoﬀ artifacts.
(We regulate the whole quark contribution to the thermodynamic potential, including its ﬁnite
thermal part.) The second reason is that the PNJL model ceases to be physically appropriate
at temperatures about two to three times Td [30], since it does not capture the correct gauge
degrees of freedom, that is, the deconﬁned transversely polarized gluons. We are therefore
just content with demonstrating that QCD with adjoint quarks indeed features a large splitting
of the deconﬁnement and chiral restoration temperatures.
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Figure 3.6.: Phase diagram of three-color QCD with one ﬂavor of adjoint quarks. Black solid line:
deconﬁnement transition. Red dashed line: BEC transition. Blue dotted line: chiral
crossover. The right panel zooms in the chemical potential and temperature scales so
that the two tricritical points are discernible.
The phase diagram of aQCD determined within our PNJL model is shown in Fig. 3.6.
While on the large scale it looks the same as the phase diagram of aQC2D in Fig. 3.2, there
is a marked diﬀerence in the topology as one zooms in the neighborhood of the “intersection”
of the deconﬁnement and BEC transition lines. Since the deconﬁnement transition is now ﬁrst
order, the BEC critical line is broken, meeting the deconﬁnement line at two tricritical points.
Thus, there is a narrow range of chemical potentials in which, as the temperature is increased,
the diquark condensate rather unusually disappears in a ﬁrst-order phase transition.QCD-like theories at nonzero T and µ: a PNJL model study 49
3.3.2. Casimir scaling
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Figure 3.7.: Expectation values of the Polyakov loops in various representations as a function of
the fundamental Polyakov loop in the case of three colors. Boldface numbers indicate
the dimension (and possibly the symmetry) of the representation. Left panel: unscaled
Polyakov loops. Right panel: Casimir-scaled Polyakov loops. For convenience, we take
the C2(F) C2(R) ≡ 1 dR power of the expectation values of the Polyakov loops so that the
fundamental loop is left intact. For the sake of clarity, the labels are not shown in the right
panel. The color assignment of the lines is the same as in the left panel.
Any irreducible representation of SU(3) can be uniquely characterized by a pair of pos-
itive integers (p q) that determine the highest weight of the representation in the basis of
the fundamental weights. The triplet representation thus corresponds to (1 0) and its com-
plex conjugate to (0 1). The dimension of a general irreducible representation is dim(p q) =
1
2(p + 1)(q + 1)(p + q + 2) and the value of the quadratic Casimir invariant (up to a common
prefactor) is C2(p q) = 1
3(p2 + pq + q2) + p + q [61]. Following Refs. [26, 56], the expecta-
tion values of the Polyakov loops in the lowest few representations, satisfying p + q ≤ 4, are
calculated and are shown in Fig. 3.7.
Asbefore, theseresultsare largelyindependentofthequarkcontentofthetheory. Theonly
assumption made is that the mean ﬁeld β is zero so that there is a one-to-one correspondence
between the mean ﬁeld α and the expectation value of the fundamental Polyakov loop. Thus,
the plots in Fig. 3.7 apply to three-color QCD modeled by the action (3.1) with quarks in
any representation at zero chemical potential. Once the quark representation is (pseudo)real,
the same results are valid even at nonzero chemical potential. As compared to the two-color
case shown in Fig. 3.5, the scaling violation seems to be signiﬁcantly smaller for three colors.50 QCD-like theories at nonzero T and µ: a PNJL model study
However, this observation is somewhat misleading since even the unscaled Polyakov loops
show smaller depletion compared to the fundamental loop in the three-color case.Chapter 4.
Dimensional reduction for two-color QCD
EQCD, a dimensionally reduced eﬀective theory for QCD, was introduced in Section 2.4.4.
It contains the degrees of freedom at the soft scale, gT, which are the electrostatic and mag-
netostatic gluons. In order to be applicable, EQCD requires that there exists a clear scale
hierarchy between T and gT. This means that the running coupling g should be small enough,
or equivalently the temperature should be asymptotically high. EQCD can well reproduce the
long distance dynamics of QCD at very high temperatures. However this requirement is not
always fulﬁlled and there are evidences that EQCD fails to produce correct results down to
temperatures about a few times Tc, where Tc is the critical temperature of the deconﬁnement
transition [62, 63]. This failure has a reason, which is the fact that EQCD breaks the Z3 cen-
ter symmetry explicitly, even in the absence of quarks. Its leading-order Lagrangian can be
obtained by expanding the one-loop eﬀective potential of the Wilson line around one of its
three degenerate minima, A0 = 0 [64]. Since the center symmetry is so important to obtain the
correct physics around Tc, its missing in EQCD invalidates its usage close to Tc.
To modify EQCD and build a new eﬀective theory is a possible way to conquer this prob-
lem. The new one should be able to reproduce results of QCD or EQCD at asymptotically
high temperatures and respect the center symmetry in order to be valid down to around Tc. In
this chapter I will construct a dimensionally reduced eﬀective theory with center symmetry,
which is called ZQCD.
In orderto simplifytheconsideration, theSU(2)gaugegroupis used hereinsteadof SU(3),
i.e., a two-color QCD-like theory and the Z2 center symmetry is considered. I will construct
the theory directly with the quark eﬀects which explicitly break the center symmetry. There-
fore the Yang-Mills theory with vanishing Z2 breaking coeﬃcients can be studied as a special
case throughout this chapter.
5152 Dimensional reduction for two-color QCD
This chapter is organized as follows. In section 4.1, I will construct center-symmetric
eﬀective theories with Z2 breaking operators that emerge upon inclusion of fundamental fer-
mions in the case of two colors. In section 4.2, I will identify the degrees of freedom of
the eﬀective theory and explain how they are related to those of EQCD, while in section 4.3,
the detailed matching of the ZQCD parameters to the full theory is carried out. Section 4.4
contains the ﬁrst predictions of the new theory, i.e., the solution of static ﬁeld conﬁgurations
for the domain wall and stable bubble.1
4.1. Model setup of ZQCD
The ﬁrst step to formulate the desired eﬀective theory is to introduce the proper degrees of
freedom. The minimal set of degrees of freedom for a Z2 invariant theory should be the mag-
netostatic gluon Aa
i(x) and the Polyakov loop L(x). But because L(x) is unitary, a theory with
polynomial interactions will not be perturbatively renormalizable. This is in principle not a
problem for an eﬀective theory with a UV cutoﬀ, but it brings complexity to the practical
matching to the underlying theory and to lattice simulations. Therefore, we substitute a spa-
tially coarse-grained Wilson line operator Z(x) for the Polyakov loop.2 The coarse-grained
matrix is deﬁned via the block transformation as
Z(x) =
T
VBlock
 
V
d
3yU(x y)L(y)U(y x)  (4.1)
wheretheintegrationgoesoverthearbitrary O(T−3) volumeofablock andU(y x)is aWilson
line from the point (x τ = 0) to (y τ = 0) with a path at constant time τ = 0.
As discussed at length in Ref. [66], a unique feature of the gauge group SU(2) is that
the coarse graining procedure almost preserves the group property of the Wilson line, as an
arbitrary sum of SU(2) matrices is itself an SU(2) matrix up to a multiplicative real factor.
This implies that we may parameterize the ﬁeld Z in the form
Z =
1
2
 
Σ
1 + i  Π ·   σ
 
  (4.2)
1This chapter is based on the publication Ref. [65].
2Since thereis noconfusionin this chapter,I use the symbolZ forthe matrixﬁeld but notthe partitionfunction.Dimensional reduction for two-color QCD 53
where   Π ·   σ = Πaσa, Σ and Πa with a = 1 2 3 are real scalar ﬁelds, and σa are the three
Pauli matrices. Out of these four degrees of freedom we expect three to correspond to the
light adjoint Higgs ﬁelds of EQCD, while one should be an unphysical auxiliary ﬁeld that
eﬀectively decouples from the dynamics of the light ﬁelds and has a mass of the order of the
cutoﬀ scale of the eﬀective theory (∼ T), corresponding to the inverse length scale introduced
by the coarse graining. While the heavy auxiliary ﬁeld decouples from the dynamics in the
infrared, its ﬂuctuations in the ultraviolet render the theory superrenormalizable, providing
important technical simpliﬁcations.
ZQCD should inherit the gauge and center symmetry from the fundamental theory. The
gauge transformation acts on the ﬁelds as
Z(x) → s(x)Z(x)s(x)
†  A(x) → s(x)[A(x) + i∇]s(x)
†  (4.3)
where s(x) ∈ SU(2), while the Z2 transformation acts on the Z ﬁeld as
Z(x) → e
iπnZ(x) = ±Z(x)  (4.4)
The relation of the latter transformation to the SU(2) gauge invariance of the full theory is
explained in detail in Appendix F.
To obtain the Lagrangian of the eﬀective theory, we collect all superrenormalizable oper-
ators up to fourth order in the ﬁelds that respect three-dimensional gauge invariance.3 This
leads to the expression
L =
1
g2
3
 
1
2
TrF
2
ij + Tr
 
DiZ
†DiZ
 
+ V(Z)
 
  (4.5)
where g3 is the eﬀective theory gauge coupling, Di ≡ ∂i−i[Ai  ·], Fij ≡ ∂iAj−∂jAi−i[Ai Aj],
and the potential V(Z) reads
V(Z) = b1Σ
2 + b2  Π
2 + c1Σ
4 + c2(  Π
2)
2 + c3Σ
2  Π
2 + d1Σ
3 + d2Σ  Π
2  (4.6)
Here, all terms with the exception of the last two operators in the potential respect the Z2 cen-
ter symmetry, and were present in the model constructed for pure SU(2) Yang-Mills theory
3While in a three-dimensionaltheory operators of order ﬁve in the ﬁelds are in principle still relevant and those
of order six marginal, we exclude them from our consideration, as their contributions to physical quantities
are less important compared to the leading terms. This is because the higher order terms are suppressed by
(large) positive powers of the ratio of the eﬀective and full theory energy scales.54 Dimensional reduction for two-color QCD
in Ref. [66]; the Z2 violating operators then clearly result from the presence of quarks. It is
a straightforward exercise to verify that Eq. (4.5) really is the most general Lagrangian com-
patible with the required symmetries: simple redeﬁnitions of the ﬁelds allow us to combine
independent kinetic terms for Σ and   Π and remove a Z2 breaking term linear in Σ, while a term
cubic in   Π is forbidden by the vanishing of the symmetric structure constant dabc in SU(2).
Next, we can redeﬁne the coeﬃcients as
b1 =
1
2
h1  b2 =
1
2
(h1 + g
2
3s1) 
c1 =
1
4
h2 + g
2
3s3  c2 =
1
4
(h2 + g
2
3s2)  c3 =
1
2
h2 
d1 =
1
2
g
2
3s4  d2 =
1
2
g
2
3s5 
(4.7)
and split the eﬀective theory potential into ‘hard’ and ‘soft’ parts, parametrized by the O(g0)
constants hi and si, respectively. This results in the alternative expression
V(Z) = h1Tr(Z
†Z) + h2(TrZ
†Z)
2 + g
2
3
 s1
2
  Π
2 +
s2
4
(  Π
2)
2 + s3Σ
4 +
s4
2
Σ
3 +
s5
2
Σ  Π
2
 
  (4.8)
where we have assumed the Z2 breaking couplings di to be of the soft type. The kinetic terms
as well as the hard part of the potential possess an extended (global) SU(2)×SU(2) invariance,
Z → Ω1ZΩ2  Ωi ∈ SU(2)  (4.9)
which will later be seen to translate to a shift invariance of the light physical ﬁelds of ZQCD
upon integrating out the heavy one. As a consequence, the hard part of the potential is min-
imized by all matrices that are special unitary up to a common real factor. It is only the soft
terms that provide the O(g2) structure inside this “valley”, necessary to match the eﬀective
theory potential to that of the full theory Wilson line, cf. Eq. (E.1).
4.2. Identiﬁcation of the ﬁelds
It is well known that at high temperatures, where the renormalized gauge coupling becomes
small, the Wilson line eﬀectively freezes to the global minimum of its perturbative eﬀective
potential [64, 67, 68], and to correctly describe its long-distance dynamics it is suﬃcient to
consider only its small ﬂuctuations around it. It is thus natural to require that the predictionsDimensional reduction for two-color QCD 55
of our eﬀective theory reduce to those of EQCD in the same limit, as the Lagrangian of EQCD
can be obtained from an expansion of the Wilson line potential in powers (and derivatives) of
the temporal component of the gauge ﬁeld, A0. This property can be most straightforwardly
ensured by explicitly integrating out the heavy degree of freedom in the vicinity of one of the
minima of the ZQCD eﬀective potential, and by matching the resulting non-center-symmetric
(even in the absence of fermions) theory to EQCD. Through this procedure, the light ﬁeld of
ZQCD becomes associated with the adjoint Higgs A0 of EQCD, and we automatically obtain
the values of several of the eﬀective theory parameters.
In this and the followingsection, we willexplicitlyperform thehigh-temperaturematching
of ZQCD to EQCD, and ﬁnd the values of the si, i.e. the soft parameters of ZQCD. We begin
this by parameterizing the ﬁeld Z as in Eq. (26) of Ref. [66],
Z =
v
2
1 +
g3
2
(φ
1 + i  χ ·   σ)  (4.10)
which amounts to the redeﬁnition Σ = v+g3φ and   Π = g3  χ, where v is a real positive number,
chosen so that  Z  = (v 2)
1. Clearly, the precise choice of the parametrization of Z can
have no eﬀect on the physics, as long as it contains the correct degrees of freedom: once
the eﬀective theory is matched to the full theory properly, it will automatically reproduce the
correct long-distance physics. One should nevertheless note that, had we chosen to use a non-
linear ﬁeld parametrization, we would have had to consider the Jacobian associated with the
change of variables in the deﬁning path integral of the theory.
Upon rewriting Eq. (4.10) as Z =
v+g3φ
2 [
1 + i(g3 v)  χ ·   σ] + O(g2) and comparing with the
full theory Polyakov loop,
Ω(x) ≡ Pexp
 
ig
  β
0
dτA0(τ x)
 
=
1 + ig
  β
0
dτA0(τ x) + O(g
2)  (4.11)
we identify the real scalar ﬁeld φ as the auxiliary heavy degree of freedom of the eﬀective
theory (to leading order). Subsequently, we associate the ﬁeld χa with the light, physical ﬁeld
that corresponds to the adjoint scalar A0 of EQCD, which, together with the identiﬁcation of
the eﬀective theory gauge coupling, g2
3 = g2T + O(g4), ﬁxes the leading order value of the
parameter v,
v = 2T + O(g
2)  (4.12)56 Dimensional reduction for two-color QCD
Beyond the ﬁeld identiﬁcations, the matching of ZQCD to the full theory is performed by
demanding that the long-distancebehavior of static gluoniccorrelators is correctly reproduced
by the eﬀective theory, order by order in a weak-coupling expansion. As the eﬀects of the soft
couplings si are suppressedby a factorg2
3 in comparisonwith thehard ones hi, one-loopgraphs
with only hard vertices enter the eﬀective theory calculation with the same power of g3 as tree
graphs containing one soft vertex. This implies that to obtain the correlators in a consistent
manner, we need to determine the one-loop eﬀective potential of ZQCD. This function can
be read oﬀ from Eq. (18) of Ref. [66] for the case of pure SU(2) Yang-Mills theory, and it
has been generalized to include the eﬀects of fermionic operators in Appendix G. Inspecting
the result reveals the anticipated eﬀect that the degeneracy of the two minima present in the
center symmetric case is broken by the nonzero values of s4 5. Without loss of generality, we
may choose s4 < 0 so that the ground state expectation value of Σ is positive. Solving for the
minimum of the potential iteratively, we then ﬁnd v = v0 + g2
3v2 + ···, where
v0 =
 
−
h1
h2
  v2 = −
1
2h2
 
4s3v0 +
3
2
s4
 
+
3
8π
 
2h2  (4.13)
Comparing this to the identiﬁcation made in Eq. (4.12), we infer from here the ﬁrst nontrivial
relation among our eﬀective theory parameters,
h1 + 4T
2h2 = 0  (4.14)
4.3. Matching of the soft parameters
In this section, I will perturbatively determine the values of the soft ZQCD parameters si.
I begin this in section 4.3.1 by integrating out the heavy ﬁeld φ from the eﬀective theory,
requiring that the resulting Lagrangian for   χ agrees with that of EQCD. After this, I will
in section 4.3.2 match the remaining soft eﬀective theory parameters by demanding that the
global structure of the one-loop eﬀective potential of ZQCD agrees with that of the full theory.
4.3.1. Perturbative matching of the Lagrangians
Our ﬁrst goal will be to explicitly integrate out the heavy auxiliary ﬁeld φ in order to obtain
an eﬀective potential for   χ only, to be compared with the eﬀective potential of the A0 ﬁeld inDimensional reduction for two-color QCD 57
EQCD. At the level of the quantum (Wilsonian) eﬀective action, integrating out a given ﬁeld
amounts to eliminating it using its equation of motion or, equivalently, adding to the action of
the other ﬁelds all tree-level Feynman graphs containing this ﬁeld in the internal lines and all
other ﬁelds as external legs.
At this point, the SU(2)×SU(2) invariance of the hard part of the Lagrangian (4.5) proves
its utility. The ﬁelds   χ can namely be identiﬁed as the Nambu-Goldstone bosons stemming
from the spontaneous breaking of this extended symmetry by the nonzero expectation value
 Z . As a consequence, any contribution to the static correlators of   χ must come with at least
one factor of si, and in particular, the one-loop part of the eﬀective potential of ZQCD —
the second line of Eq. (G.3) — need not be taken into account. In addition, the gauge-ﬁxing
dependent part of the eﬀective potential matches automatically to EQCD.
Keeping only terms up to fourth order in   χ and rescaling the spatial gluon ﬁeld to achieve
canonical normalization of its kinetic term, we arrive at a Lagrangian for this ﬁeld that has the
exact same form as that of EQCD,
Llight =
1
2
TrF
2
ij +
1
2
(Di  χ)
2 +
1
2
m
2
χ  χ
2 +
˜ λ
8
(  χ
2)
2 + ···   (4.15)
with the mass parameter and quartic coupling reading
m
2
χ = g
2
3
 
s1 − 4s3v
2
0 −
3
2
s4v0 + s5v0
 
 
˜ λ = 2g
4
3
 
s2 + 4s3 +
3s4
4v0
−
s5
v0
 
 
(4.16)
When expressed in terms of Feynman diagrams, the quartic coupling ˜ λ consists of two con-
tributions, one from a soft operator of the (  χ2)2 type, and another from a soft, SU(2)×SU(2)
breaking mass correction to a φ propagator connecting two hard cubic φ  χ2 vertices. 4
4It should be noted that the same diagram with two cubic vertices leads to the generation of kinetic terms of
the type   χ2(Di  χ)2 and (  χ · Di  χ)2 with couplings of order O(g2
3), which enter the EQCD Lagrangian only at
order O(g4
3). Such terms can in principle be cancelled by adding similar (non-renormalizable) operators to
the eﬀective theory Lagrangian of Eq. (4.5).58 Dimensional reduction for two-color QCD
Finally, the expressions in Eq. (4.16) can be equated with their EQCD counterparts, given
in Eq. (E.4). This gives us two new matching conditions,
s1 − 4s3v
2
0 −
3
2
s4v0 + s5v0 =
2T
3
−
Tκ−
0
π2  
2s2 + 8s3 +
3s4
2v0
−
2s5
v0
=
2
3π2T
+
κ−
2
12π2T
 
(4.17)
where the constants κ±
ℓ , parametrizing the eﬀects of the quarks, are deﬁned in Eq. (E.6).
4.3.2. The Z2 breaking parameters
The matching conditions of Eq. (4.17) should be viewed as ﬁxing the values of two linear
combinations of s1 2 3 — an interpretation that becomes trivial in the limit of unbroken center
symmetry. In contrast, a third, independent linear combination of these parameters does not
aﬀect the physics of the soft scale at the leading order at all, and can thus take any value. This
is because in the nonlinear version of our theory, where the heavy mode has been integrated
out in a center-symmetric fashion, the three operators multiplying the coeﬃcients s1 2 3 are
not independent, but there is a linear relation between Σ4,   Π2, and (  Π2)2. As the linear and
nonlinear models describe the same long-distance physics, there must be one combination of
s1 2 3 that is left undetermined by the leading-order matching of the linear theory, and can only
be found through a higher-order computation. The insensitivity of the long-distance physics
to this linear combination will be further demonstrated in section 4.4, where the domain-wall
solution of the ﬁeld equations of motion is discussed.
As EQCD violates the center symmetry explicitly, it is clear that the parameters s4 5, which
facilitate the soft breaking of this symmetry in the presence of fermions, cannot be found
by matching to EQCD. To determine their values, we instead have to consider the global
structure of the ZQCD eﬀective potential, which we do by applying the Nielsen theorem [69]
andconcentratingonthesecondstationarypoint(localminimum)oftheeﬀectivepotentialthat
provides additional gauge-invariant observables. A natural measure of the center symmetry
breaking is the energy-density diﬀerence of the absolute and metastable minima, which on the
full theory side is represented by the parameter δ, deﬁned in Eq. (E.7). In the eﬀective theory,
the stable and metastable minima are to leading order located at Σ = ±v0 (and Πa = 0). A
comparison of the values of the potentials gives then the matching condition s4v3
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which, using Eq. (4.12), leads to the identiﬁcation
s4 = −
δ
8
=
1
2π2(κ
−
−2 − κ
+
−2)  (4.18)
The last parameter to be ﬁxed, s5, does not contribute to the energy diﬀerence of the
two vacua, but does aﬀect the shape of the eﬀective potential. One simple and gauge invari-
ant (although by no means unique) quantity sensitive to s5 is the diﬀerence of the squared
mass parameters at the two minima, i.e., m2
χ of Eq. (4.16) and the analogous parameter at the
metastable minimum. The corresponding quantities are also straightforward to evaluate in the
full theory, see Appendix E, yielding the last perturbative matching condition,
2s5 − 3s4 =
1
2π2(κ
+
0 − κ
−
0)  (4.19)
It is interesting to note that the right-hand side of this equation is proportional to the second
derivative of the parameter δ with respect to the chemical potential(s), i.e., the diﬀerence of
the quark number susceptibilities in the stable and metastable vacua of the theory.
4.4. Extended ﬁeld conﬁgurations
Having now ﬁnished the leading-order matching of ZQCD to the full theory, it is important
to test its predictions in particular for quantities that are sensitive to the center symmetry.
Perhaps the most straightforward such test is to study extended gauge-ﬁeld conﬁgurations
which probe the global structure of the eﬀective potential. In the absence of fermions, and
thus Z2 breaking operators, we can construct a stable domain wall joining the two physically
equivalent minima of the theory. With fermions, this is no longer possible, as the minima are
not degenerate in energy, but one can still look for a rotationally invariant three-dimensional
solution that represents a bubble of the stable vacuum in a metastable environment. Although
this bubble evolves with time, its growth rate can be estimated using a semiclassical static
solution, representing a stationary point of a three-dimensional eﬀective action with suitable
boundary conditions [70].
Consider ﬁrst a bubble-wall conﬁguration in the full theory, in which the (static) temporal
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space everywhere. It is described by a single scalar function a(r), whose action has the form
S eﬀ = β
  ∞
0
dr4πr
2

    
1
2
 
da
dr
 2
+ Veﬀ(a)

      (4.20)
where the potential Veﬀ is obtainable from Eq. (E.3). One may then solve the equation of
motion stemming from this action with the boundary condition a(∞) = 2πT g, and use it to
obtain the domain-wall energy density and tension as well as the bubble proﬁle, as has indeed
be done in Refs. [71, 72] (see also Ref. [73] for a recent similar calculation).
Within the eﬀective theory, we ﬁrst note that in order to minimize the energy cost of cre-
ating a bubble, it is clearly optimal to have the ﬁelds Σ,   Π minimize the hard part of the
potential (G.3) everywhere in space, i.e., have them satisfy Σ2 +   Π2 = v2
0. Recalling the iden-
tiﬁcation of Eq. (4.12), we see that we can express the ﬁelds in terms of one dimensionless
function α, ranging from 0 to 1, as Σ = v0 cos(πα), |  Π| = v0 sin(πα). Plugging these formulas
into Eq. (G.3), we obtain upon a trivial shift the potential
Veﬀ(α) =
v2
0
2
(s1 − 4s3v
2
0)sin
2(πα) +
v4
0
4
(s2 + 4s3)sin
4(πα) −
v3
0
3π
|sin(πα)|
3+
+
v3
0
2
s4
 
cos
3(πα) − 1
 
+
v3
0
2
s5 cos(πα)sin
2(πα) 
(4.21)
using which the bubble proﬁle can again be solved.
Specializing for the moment to the domain-wall calculation in the Z2 invariant, pure Yang-
Mills case, we observe that the potential of Eq. (4.21) depends exactly on the two linear
combinations of s1 2 3 that were determined in our perturbative matching, cf. Eq. (4.17). We
conclude that the domain-wall tension and proﬁle become genuine predictions of the eﬀective
theory. Indeed, from Eq. (4.17) we infer the results s1−4s3v2
0 = 2T 3 and s2+4s3 = 1 (3π2T),
using which we straightforwardly obtain for the domain-wall tension
σ ≈ 4 899 ×
T3
g
≈ 0 91σYM  (4.22)
where σYM =
 
2
3
 3 2 π2T3
g denotes the full theory result [71]. In Figure 4.1, we plot the full and
eﬀective theory domain-wall proﬁles which we ﬁnd to agree at a satisfactory level.
Let us ﬁnally return to the three-dimensional bubble solution, relevant when dynamical
quarks are present. Its formation and proﬁle are determined by a balance between a volume
energy gain, scaling like δR3 (with the energy-density diﬀerence δ introduced in Eq. (E.7)),Dimensional reduction for two-color QCD 61
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Figure 4.1.: Free energy proﬁles of the leading-order domain-wall solution in the center-symmetric
limit as a function of the dimensionless length variable x ≡ gTr, with the wall residing
at x = 0. The solid red curve is the prediction of the eﬀective theory, while the dashed
black one is the full Yang-Mills result. The boundary condition for this one-dimensional
solution is α(−∞) = 0 and α(+∞) = 1.
and a surface energy cost, scaling like σR2, where R stands for the bubble radius in units of
1 (gT). We will not attempt a full numerical solution of the corresponding equation of mo-
tion, which is straightforward but not particularly illuminating, but instead provide an analytic
approximation valid in the limit of parametrically small δ, corresponding to weak Z2 breaking
eﬀects. As we expect R to scale like 1 δ, the explicit r-dependence of the action becomes
then negligible and the bubble-proﬁle calculation reduces to the type of domain-wall problem
encountered above. This is usually called the thin-wall approximation [74].
In the thin-wall approximation, the bubble solution is universal in the sense that the bubble
action (and therefore the radius) indeed only depend on the surface tension, obtained from
the one-dimensional domain-wall problem, and the energy-density splitting of the two vacua.
The critical radius of the bubble, obtained by maximizing the action with respect to R, and the
value of the action become
Rc =
2
δ
×
σ
T3 g
  S bubble =
16π
3g3δ2 ×
 
σ
T3 g
 3
  (4.23)
Quantitatively, the applicability of the thin-wall approximation is determined by the condition
that the radius of the bubble is much larger than the width of the domain wall, a quantity of
order onein dimensionlessunits. Usingthe full-theoryvaluefor thesurface tension, thistrans-62 Dimensional reduction for two-color QCD
lates to δ . 1, which is certainly satisﬁed for quarks with mj & T µj, as δ is then exponentially
suppressed.Chapter 5.
Conclusions
In this thesis I studied the thermodynamics of QCD-like theories at nonzero temperature and
baryon chemical potential using the PNJL and ZQCD models.
In the PNJL model constructed in Chapter 3, the gauge sector is simulated by a lattice-
spin model with nearest-neighbor interactions whose parameters are ﬁxed with the help of
the strong-coupling expansion of the full lattice gauge theory. The quark sector was modeled
using the standard NJL model constructed for both type-I and type-II QCD-like theories.
We showed at hand of the example of QCD with adjoint quarks that the Weiss mean-
ﬁeld approximation to the lattice-spin model used here is superior to the naive mean-ﬁeld
approximation, commonly employed in literature, which leads to a thermodynamicinstability.
The Weiss mean-ﬁeld approximation also allowed us to derive the expectation value of the
Polyakov loop in an arbitrary representation. The results are given in an implicit form appli-
cable at all temperatures and chemical potentials, which enables us to study Casimir scaling
in hot and/or dense matter.
As a concrete example, we studied the phase diagram of QCD with adjoint quarks of two
and three colors. We conﬁrmed that in adjoint QCD the critical temperature for chiral restora-
tion is much higher than that of deconﬁnement, both being well-deﬁned phase transitions
associated with spontaneous breaking/restoration of an exact symmetry (the former in the chi-
ral limit). We checked the model-independent prediction that the phase diagram of aQC2D
features a tetracritical point. On the contrary, in the phase diagram of aQCD the second-order
BEC transition line is interrupted and meets the ﬁrst-order deconﬁnement line at two tricritical
points.
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It is worth emphasizing that while ﬁne numerical details of our phase diagrams depend on
our guess for the model parameters as well as on the particular way quarks are implemented,
their qualitative features are largely based on symmetry and thus model-independent. More-
over, our results for Casimir scaling do not depend on the quark sector, in particular on the
choice of the NJL parameters. They can therefore be understood as a direct test of the lattice
spin model with nearest-neighbor interactions. Once a model for the quark sector is intro-
duced, they give a prediction for Casimir scaling of Polyakov-loop expectation values in the
whole phase diagram.
In Chapter 4 we constructed a dimensionally reduced eﬀective theory for two-color Yang-
Mills theory and generalized it by including in the consideration the eﬀects of fundamental
quarks of in principle arbitrary masses and chemical potentials on the dynamics of the Wilson
line. The eﬀective theory is formulated in terms of a coarse grained Wilson line Z deﬁned
by Eq. (4.2), as well as the Lagrangian of Eqs. (4.5)–(4.8). The theory has by construction
a notion of the center symmetry of the full theory, and is invariant under it in the absence
of dynamical quarks. The matching of the eﬀective theory to the full one was performed by
requiring that the former reproduce the correct long-distance physics of the latter, a task most
conveniently accomplished by demanding that the theory reduces to EQCD upon integrating
out the momentum scale πT. This we carried out explicitly in section 4.3, where the si param-
eters appearing in the eﬀective-theory Lagrangian were determined with the exception of one,
for which a higher-order computation is needed.
Upon ﬁxing its soft parameters, our eﬀective theory becomes fully predictive, as the
physics of the distance scales 1 (gT) and larger is to a very good accuracy independent of the
values of the hard parameters hi [66]. We reproduced the free-energy proﬁles of the leading-
order domain-wall solution in the center-symmetric limit and predicted the three-dimensional
bubble solution when dynamical quarks are present. Our theory is immediately amenable to
nonperturbative lattice simulations, with which one may study two-color QCD over an exten-
sive range of temperatures, quark chemical potentials, and masses. It should be recalled that
the only reason we have chosen to study two-color QCD and not the physical case of three
colors is notational and computational simplicity. If the predictions of the eﬀective theory
turn out to match two-color lattice data well, then the investigations can be generalized to full
three-color QCD.
Finally, another interesting topic for future work would clearly be to consider the relation
of our eﬀective theory to the strong-coupling eﬀective actions derived in Refs. [75, 76, 77,
78]. It appears that these two approaches are strongly complementary in the sense that theyConclusions 65
approach the deconﬁnement transition from opposite directions; whether this can be used to
gain more insight into the dynamics of the transition itself remains to be seen.66 ConclusionsAppendix A.
Haar measure of unitary groups
Here I brieﬂy summarize the deﬁnition and properties of the Haar measure [79] of Lie groups
and give a method to calculate the distribution of eigenvalues of U(N) and SU(N) groups,
which is used in the calculation of the matrix model in Chapter 3.
Let G be a locally compact topological group and let C0(G) and C+
0(G) denote the space of
continuous and continuous and non-negative functions on G with a compact support, respec-
tively. A linear form µ on C0(G) is called a left Haar measure or a left Haar integral, if
1. it is a positive linear form , i.e., µ(f) ≥ 0  ∀f ∈ C+
0(G) ,
2. it is left-invariant, i.e., µ(Lg f) = µ(f)  where Lgf(x) = f(g−1x)  x g ∈ G .
Similarly we can deﬁne the right Haar measure. It turns out that every locally compact group
has a left Haar measure and any two nonzero left Haar measures must be the same up to a
positive constant. This is also true for the right Haar measure, although the right one is not
necessarily the same as the left one. Actually the existence of a left Haar measure implies the
existence of a right one,1 and vice versa.
By Riesz’ theorem we can represent the Haar integral by a set function µ(x), for x ∈ G, as
µ(f) =
 
G
f(g)dµ(g)  (A.1)
The left-invariant feature implies
dµ(gx) = dµ(x)  (A.2)
1Let µ be the left Haar measure on G, the new measure deﬁned by ˜ µ(f) = µ( ˜ f), where ˜ f(x) = f(x−1), is in fact
the right Haar measure on G.
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for all x g ∈ G. It is similar for the right Haar measure. Moreover it can be shown using the
modular function2 that every compact group has equal (thus unique up to a positive constant)
left and right Haar measures. Such a Haar measure which is both left- and right-invariant
is called an invariant measure. It can be shown that every invariant Haar measure is also
invariant under the inversion, i.e., dµ(g−1) = dµ(g) for g ∈ G. Unitary groups U(N) and SU(N)
are compact, thus they have all the above properties.
After summarizing the deﬁnition and basic properties, we are confronted with the question
how to calculate the Haar measure of a Lie group. A straightforward method is using the
deﬁnition. We can ﬁrst parameterize the Lie group G, thus the Haar measure dµ(x) can be
written as
µ(X)dX = µ(x1 ···   xn)dx1 ···dxn   (A.3)
where X = (x1 ···   xn) is the coordinate of x ∈ G, µ(X) is a function of the coordinate, and
dx1 ···dxn is the natural measure on Rn. The left-invariance dµ(gx) = dµ(x) tells us that for X′
of x′ = gx
µ(X)dX = µ(X
′)dX
′ = µ(X
′)
         
∂X′
∂X
         dX   (A.4)
with an explicit Jacobian determinant inside. Thus we have
µ(X) = µ(X
′)
         
∂X′
∂X
           ∀x g ∈ G  (A.5)
Making use of the fact that the left-hand side is independent of any g ∈ G, the function µ(X)
can be ﬁnally determined, up to a positive constant. Since g can be an arbitrary element of the
group, it can be chosen as g = x−1, which results in the relation to the Haar measure at the unit
element of the group
µ(X) = µ0
         
∂X′
∂X
         
g=x−1
  (A.6)
where µ0 is the measure evaluated at unity.
2The modular function is a group homomorphism into the multiplicative group of nonzero real numbers. A
group is unimodular if and only if the modular function is identically 1, or, equivalently, if the Haar measure
is both left and right invariant. Examples of unimodular groups are abelian groups, compact groups, discrete
groups (e.g. ﬁnite groups), semisimple Lie groups, and connected nilpotent Lie groups.Haar measure of unitary groups 69
As an example, let us now calculate the Haar measure of SU(2). It is a compact Lie group,
thus has an invariant measure. An SU(2) matrix can be parametrized as
U = w
1 + i(xσx + yσy + zσz) 
where σx y z are Pauli matrices, w, x, y, and z are four real numbers. Since SU(2) requires
w2 + x2 + y2 + z2 = 1, there only exist three degrees of freedom, which can be chosen as
any three out of the four. Here we choose x y z. Now consider a left transformation under
g ∈SU(2) with g = a
1 + i(bσx + cσy + dσz) and again a2 + b2 + c2 + d2 = 1. The transformed
one is
gU = U
′ = w
′
1 + i(x
′σx + y
′σy + z
′σz)
with
w
′ = aw − bx − cy − dz 
x
′ = bw + ax + dy − cz 
y
′ = cw − dx + ay + bz 
z
′ = dw + cx − by + az 
Using
∂w
∂x
= −
x
w
and similar for y and z, the Jacobian reads
         
∂(x′ y′ z′)
∂(x y z)
          =
                         
b∂w
∂x + a b∂w
∂y + d b∂w
∂z − c
c∂w
∂x − d c∂w
∂y + a c∂w
∂z + b
d
∂w
∂x + c d
∂w
∂y − b d
∂w
∂z + a
                         
=
(a2 + b2 + c2 + d2)(aw − bx − cy − dz)
w
=
w′
w
 
(A.7)
Thus the Haar measure should satisfy
µ(x y z) = µ(x
′ y
′ z
′)
         
∂(x′ y′ z′)
∂(x y z)
          = µ(x
′ y
′ z
′)
w′
w
 
The most convenient (and also unique) choice is
µ(x y z) =
1
w
=
1
 
1 − (x2 + y2 + z2)
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where we choose the positive square root as required by the deﬁnition of the Haar measure.
The above parametrization explicitly shows that SU(2) is isomorphic to S 3. This suggests
to choose the three phases as the degrees of freedom,
w = cosθ1  
x = sinθ1 cosθ2  
y = sinθ1 sinθ2 cosθ3 
z = sinθ1 sinθ2 sinθ3  
(A.9)
It is not diﬃcult to express the Haar measure as
dµ(U) =
dxdydz
w
= sin
2 θ1 sinθ2dθ1dθ2dθ3   (A.10)
which is in fact the product of a part with eigenvalues and one with angles only appearing in
the eigenvectors  
|λ1 − λ2|
2dθ1
 
(sinθ2dθ2dθ3)
when realizing that the eigenvalues of U are λ1 2 = e±iθ1 and the eigenvectors3 only depend on
θ2 3.
As we will see later, the statement that the Haar measure is the product of two parts can be
generalized to unitary groups, with the ﬁrst one containing only eigenvalues as
 
|λi−λj|2dθi,
and the second containing all other “angles”. By integrating out all angles which are not the
eigenvalues, we can get the distribution of eigenvalues needed in Chapter 3. Formally this
idea can be expressed as
dµ(U) = µ1(λ)µ2(ω)dλdω  (A.11)
where U ∈ U(N), λ is the collection of eigenvalues of U, and ω is for all other angles. For
all functions f ∈ C0(G) which depend only on the eigenvalues λ, namely, f(U) = f(λ), the
3The eigenvectors correspondingto λ1 2 = e±iθ1 are
 
1 ∓ sinθ2 sinθ3
2
 
sinθ2 sinθ3 ± 1
cosθ2 + isinθ2 cosθ3
 1
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following integral
µ(f) =
 
G
f(λ)µ1(λ)dλ (A.12)
is invariant under any left or right transformation
f(U) → f(g
−1U) or f(Ug
−1) (A.13)
for any g ∈ U(N). This is simply because the the integral can be rewritten with the explicit
invariant measure (A.11) as
µ(f) =
1
c
  
λ
f(λ)µ1(λ)dλ
   
ω
µ2(ω)dω
 
  (A.14)
wherewe justputback theintegrationoverω as aconstantc. Thiscmustbepositiveotherwise
the Haar measure (A.11) would vanish.
Now let us calculate the desired distribution of eigenvalues of unitary groups, U(N). In-
stead of the method demonstrated above, the Haar measure can be obtained from the invariant
metric tensor.4 First we can deﬁne an inner product of complex matrices as  A|B  = Tr(A†B),
which induces the norm  A 2 =  A|A , which then induces the distance of two matrices
s(A  B) =  A − B  =
 
Tr
 
(A − B)†(A − B)
 
  (A.15)
This distance is invariant under any left and right unitary transformation, namely,
s(UA UB) = s(AU  BU) = s(A  B) 
It therefore deﬁnes an invariant metric when restricted to unitary groups. Thus we can calcu-
late the metric tensor from the inﬁnitesimal squared distance
ds
2 = gαβ(x)dx
αdx
β   (A.16)
and then obtain the invariant volume element in U(N) as
dµ(x) =
 
detg(x)
 
α
dx
α   (A.17)
4I thank Tomáš Brauner for providing his notes on this method.72 Haar measure of unitary groups
As mentioned above, we diagonalize any unitary matrix U as U = WΛW† with diagonal
Λ and unitary W. There are N eigenvalues in Λ, λi = eiθi, and (N2 − N) other “angles” in W,
denoted as ωa, provided that all eigenvalues λi are diﬀerent. They together give all N2 real
degrees of freedom of the U(N) group.5 An inﬁnitesimal shift dU inside the group gives the
inﬁnitesimal squared distance
ds
2 = Tr(dU
†dU)  (A.18)
The shift of U can be expressed by
dU = WdΛW
† + dWΛW
† + WΛdW
†
= WdΛW
† + WW
†dWΛW
† − WΛW
†dWW
†
= W(dΛ + [W
†dW Λ])W
†   (A.19)
where we used the unitarity of W and its constraint
WdW
† + dWW
† = 0  (A.20)
Denoting W†dW as dΩ, Eq. (A.18) becomes
ds
2 = Tr(dΛ
†dΛ) + Tr
 
[dΩ Λ]
†[dΩ Λ]
 
+ 2ReTr
 
dΛ
†[dΩ Λ]
 
  (A.21)
The last term vanishes since Tr
 
dΛ†[dΩ Λ]
 
= Tr
 
dΩ[Λ dΛ†]
 
, and [Λ dΛ†] = 0 because
both are diagonal. Noting that [dΩ Λ]ij = (λj − λi)dΩij , ﬁnally we obtain
ds
2 =
 
i
dθidθi + 2
 
i>j
|λi − λj|
2|dΩij|
2   (A.22)
The last step before identifying the coeﬃcients of the above equation with gµν in Eq. (A.16) is
to ﬁnd the relationship between the well-deﬁned coordinates dωa and the antihermitian shift
dΩ = W†(ωa)dW. It can be calculated straightforwardly when the matrix entries of W are
given in the explicit form of Wij(ωa), for example ωa are chosen as the real and imaginary
parts of the entries in W. It may also be a nontrivial task when another parameterization is
5W always contains one additional overall phase factor for each of the N eigenvectors of U. However, these
phases can be factored out in the form of a diagonal unitary matrix multiplied to the right of W, which
commutes with Λ and cancels with the one from W†. Thus they are not degrees of freedom of U.Haar measure of unitary groups 73
chosen, such as the exponential mapping between the Lie group and its Lie algebra.6 In any
case we can express it as dΩa = Qab(ω)dωa, where dΩa stands collectively for the real and
imaginary parts of dΩij. It is still good enough to see that detg can be formally written as a
product of two factors with λi and ωa separately as
detg ∝ (detQ)
2
 
i>j
|λi − λj|
4   (A.23)
up to a numerical prefactor. Finally after integrating out the angles ωa, we obtain the distribu-
tion of the eigenvalues on the unitary group
dµ(θ) =
 
i>j
     e
iθi − e
iθj     
2 
i
dθi   (A.24)
This result is valid for U(N). For SU(N) we have to add a constrain
 
i
θi = 0 mod 2π 
which can be easily implemented using a δ-function.
I use the explicit example of SU(2) to end this appendix. Again using (θ1 θ2 θ3) as param-
eters, the SU(2) matrix U = WΛW† has
Λ =

        
eiθ1
e−iθ1

        
  W =

                
cosθ2−isinθ2 cosθ3 √
2(1−sinθ2 sinθ3) −
cosθ2−isinθ2 cosθ3 √
2(1+sinθ2 sinθ3)
 
1−sinθ2 sinθ3
2
 
1+sinθ2 sinθ3
2

                
  (A.25)
It is straightforward to get |dΩ12|2 = 1
4(dθ2dθ2 + sin
2 θ2dθ3dθ3), thus
ds
2 = dθ1dθ1 +
2
4
     e
iθ1 − e
−iθ1     
2
(dθ2dθ2 + sin
2 θ2dθ3dθ3)  (A.26)
which recovers the Haar measure we already obtained previously in this appendix.
6It is provedthat everycompactLie grouphas such an exponentialmapping,namely,everyelementrepresented
as a matrix can be expressed as an exponential function of a matrix which is a vector in the Lie algebra. Ob-
viously such mapping cannot be bijective because we know that many Lie groups can be locally isomorphic
and share the same Lie algebra.74Appendix B.
Fierz transformation of the
current–current interaction
Consider a fermionic ﬁeld ψ transforming in a representation R of the symmetry group. In
NJL-like models, one deals with contact four-fermion interactions of the type
 
a(¯ ψΓA
a ψ)2,
where ΓA
a is a set of matrices that project out a particular irreducible component A of the
product representation R ⊗ R. The Fierz rearrangement of the four-fermion interaction is
equivalent to the group-theoretical identity
 
a
(Γ
A
a )ij(Γ
A
a )kl =
 
B
CAB
 
b
(Γ
B
b)il(Γ
B
b)kj   (B.1)
where the coeﬃcients CAB depend only on the representations A B. In order to ﬁx the eﬀec-
tive coupling in the meson channel, we do not need to evaluate the Fierz coeﬃcients for all B.
All we need to know is the coeﬃcient for the one-dimensional representation B = I, which is
always contained in the product R ⊗ R.
Setting ΓI =
1, the coeﬃcient CAI is projected out by multiplying Eq. (B.1) by δliδjk,
which yields
CAI =
 
a
Tr(Γ
A
a Γ
A
a )
(dimR)2   (B.2)
In particular for A = I this leads to CII = 1 dimR. This explains the 1 Nf factor in the
eﬀective NJL couplings derived from the current–current interaction (3.19): both the original
interaction as well as the term (¯ ψψ)2 whose coeﬃcient we calculate are in the ﬂavor-singlet
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channel. Likewise, the Fierz transformation from the Lorentz-vector channel to the Lorentz-
scalar channel has the Fierz coeﬃcient one.
The color structure of the current–current interaction (3.19) is such that A corresponds
to the adjoint representation, that is, ΓA
a = TaR are the generators of the color group in
the representation R of the quark ﬁelds. The Fierz coeﬃcient (B.2) then reduces to CAI =
C2(R) dimR. Speciﬁcally for the SU(N) group, once the generators in the fundamental rep-
resentation are normalized as Tr(TaFTbF) = 1
2δab, one ﬁnds C2(F) = (N2 − 1) (2N) for the
fundamental and C2(A) = N for the adjoint representation [7]. This concludes the derivation
of the eﬀective NJL couplings GF and GA given below Eq. (3.19).Appendix C.
Gauge group averaging with continuum
quarks
In this appendix we justify our prescription (3.18) for adding quarks to the lattice model of the
gauge sector. In contrast to Eq. (3.18), the authors of Ref. [26] calculated the quark thermody-
namic potential Ωq in the mean-ﬁeld NJL model with a constant background gauge ﬁeld and
set  Ωq mf as the quark contribution to the thermodynamic potential.
To start, let us emphasize that any attempt at adding continuum quarks to a lattice gauge
model is at best heuristic. For a proper treatment one would need to discretize the quark action
as well, thereby losing the computational simplicity of the mean-ﬁeld NJL model. With this in
mind, below we provide a qualitative argument why Eq. (3.18) is a reasonable approximation.
Imagine adding quarks to the lattice model (3.1); the full action then formally reads S =
Sg + ¯ ψDψ, where D is the Dirac operator including the background gauge ﬁeld the quarks
interact with. The full partition function of the system is obtained as
Z =
 
dLdψd¯ ψe
−S =
 
dLe
−Sg detD  (C.1)
Using the same trick of introducing the Weiss mean-ﬁeld action as in Sec. 3.1, this leads to
Z =
 
e
−(Sg−Smf) detD
 
mf
 
dLe
−Smf   (C.2)
This expression is still exact and includes all correlations between the gauge and the quark
sectors. However, to evaluate it numerically would be very demanding. We therefore perform
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a mean-ﬁeld approximation by setting
 
e
−(Sg−Smf) detD
 
mf ≈ e
− Sg−Smf mf detD mf  (C.3)
This is equivalent to the Weiss mean-ﬁeld approximation introduced in Sec. 3.1 plus ne-
glecting the correlations between the gauge and quark sectors.1 The full thermodynamic po-
tential is then given by the gauge part (3.9) augmented with −T log detD mf. One can there-
fore see that averaging the determinant of the Dirac operator is more natural than averaging
its logarithm. However, Eq. (3.18) commits one more approximation: it neglects correlations
between modes of diﬀerent momentum and spin. While the former is naturally incorporated
in Eq. (3.18) by the momentum integral, the latter has to be imposed by hand (by adding the
power1 2 totheargumentofthelogarithm)inpresenceofadiquark condensate, sincethisties
together quarks of opposite spin. Somewhat ambiguous as this procedure is, it does reproduce
the prescription of Abuki and Fukushima [26] when ∆ = 0, and, unlike other prescriptions, it
leads to a thermodynamically consistent potential Ωq as will now be discussed.
Let us start rather generally by addressing the following question: why have we used the
complicated-looking Weiss mean-ﬁeld approximation instead of the simple “naive” one?2 To
ﬁnd the answer it is useful to understand the relation between the two approximations. Let us
write the Haar measure (3.6) as
dL = H(θ)
Nc−1  
i=1
dθi   (C.4)
The group integral of a given function f(θ), weighted by the mean-ﬁeld action, can then be
expressed as
 
dL f(θ)e
−Smf =
  Nc−1  
i=1
dθi f(θ)e
−Smf+log H(θ)   (C.5)
Whilein the Weiss mean-ﬁeld approximation thisgroup integral is evaluated exactly, the naive
mean-ﬁeld approximation can be obtained by picking the contribution of the saddle point of
the “action” Smf − logH(θ). Indeed, let the saddle point, depending on α β, be θmf. Then the
above integral is approximated by f(θmf)e−Smf(θmf)+log H(θmf). The average of any function of the
1The lack of correlations, in particular the feedback from the dense quark matter into the gauge sector, makes
the usual PNJL model rather trivial in the region of cold dense matter. It would be interesting to see to what
extent these correlations can be taken into account within the present model.
2We are indebted to Kenji Fukushima for clarifying this point at the initial stage of the project.Gauge group averaging with continuum quarks 79
Polyakov loop is thus simply
 f(θ) mf = f(θmf)  (C.6)
Then, in the gauge thermodynamic potential (3.9), the Weiss mean ﬁelds α β drop out and the
result depends only on θmf,
Ωnaive
g a3
s
TV
= −2(d − 1)N
2
ce
−a TℓF(θmf)ℓ
∗
F(θmf) − logH(θmf)  (C.7)
In some particular cases, it can even be expressed solely in terms of the traced Polyakov loop.
Let us now for simplicity assume that the chemical potential is zero so that there is no pair-
ing and the Polyakov loop and its complex conjugate give rise to the same expectation values.
The quasiparticle contribution to the quark thermodynamic potential (3.18) with quarks in the
representation R of the gauge group then reads
−2
 
d3k
(2π)3
 
ǫk dimR + T Trlog(
1 + LRe
−ǫk T)
 
  (C.8)
The fundamental and adjoint Polyakov loops are related by TrLA = |TrLF|
2 − 1, hence the
same relation holds for their expectation values in the naive mean-ﬁeld approximation. This
means that at low temperature when the fundamental Polyakov loop goes to zero, the adjoint
loop should become negative. Disregarding the obvious disagreement of this conclusion with
lattice simulations, it would moreover be a disaster for the mean-ﬁeld PNJL model. Indeed, at
low temperatures,
Trlog(
1 + LRe
−ǫk T) ≈ e
−ǫk T TrLR   (C.9)
A negative value of the Polyakov loop would thus imply that the quasiquarks would give a
negative contribution to the pressure, leading to a thermodynamic instability. We conclude
that the naive mean-ﬁeld approximation cannot be applied to QCD with adjoint quarks.
We will now show that a similar, albeit milder, instability occurs when one deﬁnes the
quark contributionto the thermodynamicpotential by taking  Ωq mf. For the sake of simplicity
we focus on aQC2D at low temperature. The mean ﬁeld α is then strictly zero (deconﬁnement
is a sharp phase transition for adjoint quarks) and the average of the quark thermodynamic
potential is easily evaluated using the integrals (14) of Ref. [39]. In accord with the general80 Gauge group averaging with continuum quarks
expression (3.18) (with swapped logarithm and averaging operations), one ﬁnds
2
 
log
 
(1 + x)(1 + 2xcos2θ + x
2)
  
mf = 2[log(1 + x) − x]  (C.10)
where x = e−Ee
k T. Even though the leading term, linear in x and proportional to  TrLA mf,
now vanishes, the total quasiquark pressure is still negative. This negative contribution is
numerically small, yet it makes the thermodynamics in principle ill-deﬁned.
It is easy to see that this problem does not arise when the group average is taken inside the
logarithmas in Eq. (3.18). Then at low temperaturewhen α = 0, onegets instead ofEq. (C.10)
2log
 
(1 + x)(1 + 2xcos2θ + x
2)
 
mf = 2log
 
(1 + x)(1 − x + x
2)
 
= 2log(1 + x
3)  (C.11)
The pressure is now strictlypositiveand even looks like a pressure of noninteracting fermionic
quasiparticles with energy 3Ee
k.
One comment is appropriate regarding the last claim. In the PNJL model for physical,
three-color QCD with fundamental quarks, one observes the same behavior at low tempera-
ture. More precisely, the mean ﬁeld α is never strictly zero at any nonzero temperature, so
the quark contribution to the pressure is proportional to log(1 + 3xℓF + 3x2ℓ∗
F + x3). At low
temperature when the Polyakov loop is suppressed this reduces to log(1+x3), which is usually
interpreted as a manifestation of the fact that one needs three quarks to create a color-singlet
state. This observation suggests that the PNJL model is a natural framework for a descrip-
tion of the quarkyonic phase in cold dense quark matter [80, 81, 82]. However, as Eq. (C.11)
clearly shows, this is somewhat misleading: the same low-temperature behavior of the pres-
sure arises in two-color QCD with adjoint quarks, so it does not directly reﬂect the number of
quarks needed to construct a color singlet.
A second attempt at interpretinglog(1+x3) mightbe that both examples of three-color fun-
damental and two-color adjoint quarks are governed by the dimension of the representation.
However, in two-color QCD it is easy to calculate the same quantity with quarks in higher
representations, showing that there is no simple general relation between the representation
and the form of the low-temperature pressure. For instance, in aQCD below the deconﬁne-
ment temperature, the coeﬃcients ω1 2 3 take on the values ω1 = −1, ω2 = 0, ω3 = 1 8.
Consequently, the quark pressure is proportional to 2log(1 + x3 + x5 + x8).Appendix D.
Group integration for SU(N)
In this appendix we show that some of the group integrals can be performed for arbitrary
N [83, 84]. (For the sake of legibility, we abbreviate Nc as N.) Let us deﬁne the generating
function
G(z  ¯ z) =
  N  
i=1
e
zeiθie
¯ ze−iθi
 
mf
  (D.1)
In order to calculate it, we write the mean-ﬁeld action (3.5) for one lattice site as
Smf = −
N  
i=1
(αcosθi + iβsinθi)  (D.2)
Furthermore, we use the fact that the Haar measure (3.6) may be written as a square of a
Vandermonde determinant,
dL =
N  
i=1
dθi δ(θ1 + ··· + θN)εi1···iNεj1···jNe
iθ1(i1−j1) ···e
iθN(iN−jN)   (D.3)
The last trick is to express the (periodic) δ-function in terms of its Fourier series,
δ(θ1 + ··· + θN) =
1
2π
+∞  
m=−∞
e
im(θ1+···+θN)   (D.4)
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The integration over the angles θi now completely factorizes in terms of a single master inte-
gral,
Tn(u v) =
1
2π
  2π
0
dθe
inθe
ucosθ+ivsinθ   (D.5)
For real u and pure imaginary v, v = iw, which is the case if β = 0, the master integral can
again be expressed with the help of the modiﬁed Bessel function,
Tn(u iw) =
  u − iw
√
u2 + w2
 n
In
 √
u2 + w2 
  (D.6)
The ﬁnal formula for the generating function (D.1) reads
G(z  ¯ z) =
+∞  
m=−∞
detTm+i−j(α + z + ¯ z β + z − ¯ z)
+∞  
m=−∞
detTm+i−j(α β)
  (D.7)
Looking back at Eq. (D.1) one sees that expanding the exponentials, the Taylor coeﬃcient
of the zm¯ zn term resums all eigenvalues of the Polyakov loop in the Fm ⊗ ¯ Fn representation, F
being the fundamental one. That is, one has
 TrLFm⊗¯ Fn mf =
∂m+n
∂zm∂¯ znG(z  ¯ z)
         z=0
¯ z=0
  (D.8)
The expectation values of Polyakov loops in all irreducible representations can be obtained
from this formula by simply observing that the (traced) Polyakov loop in a direct sum of two
representations is equal to the sum of the loops in these representations.
Let us remark here that the thermodynamic potential of the three-color pure gauge theory
(3.37) can be derived using the same argument, and the group integrals involved are special
cases of those considered above. Indeed, the function F(α) (3.36) equals the denominator in
Eq. (D.7) at β = 0 up to a trivial numerical prefactor. Changing this prefactor just shifts the
thermodynamicpotentialby aconstant, and noting that F(0) = 1, it can be ﬁxed by demanding
that Ωg = 0 for α = 0.
A more compact formula can again be obtained for the special case of two colors. Then,
we can set β = 0 and ¯ z = 0. Also,
 2
i=1 ezeiθ
= e2zcosθ. The one-dimensional group integrationGroup integration for SU(N) 83
can be performed directly and one ﬁnds
G(z) =
I0(2α + 2z) − I2(2α + 2z)
I0(2α) − I2(2α)
=
α
α + z
I1(2α + 2z)
I1(2α)
  (D.9)
While the latter expression is more compact, the former is more convenient for taking the
derivatives in order to extract the expectation values of the Polyakov loops.
Finally, let us show that even the averages (3.41) can be expressed analytically in terms of
a series of modiﬁed Bessel functions [85], and thus speed up the numerical evaluation of the
thermodynamic potential. Using trigonometric identities, these averages can be written as a
linear combination of terms of the type
Kabc(α) =  e
i(aθ1+bθ2+cθ3) mf   (D.10)
where a b c are integers. Using the same trick of rewriting the Haar measure as a Vander-
monde determinant and introducing the periodic δ-function as in Eqs. (D.3) and (D.4), this
becomes
Kabc(α) =
1
6F(α)
+∞  
m=−∞
3  
i j k=1
εijk
                         
Im+i−1+a(α) Im+i−2+a(α) Im+i−3+a(α)
Im+j−1+b(α) Im+j−2+b(α) Im+j−3+b(α)
Im+k−1+c(α) Im+k−2+c(α) Im+k−3+c(α)
                         
  (D.11)84Appendix E.
EQCD parameters in the presence of
massive fermions
The one-loop QCD eﬀective potential evaluated in a static background A0 ﬁeld was ﬁrst de-
termined in Refs. [64, 67, 68]. Rewriting it in a form invariant under global SU(2) symmetry
and parametrizing the gauge ﬁeld as A0 =   a ·   σ 2, the result becomes
Veﬀ(  a) =
4
3
π
2T
4
 
g|  a|
2πT
 2  
1 −
 
g|  a|
2πT
  2
−
− 2T
Nf  
j=1
 
±
 
d3k
(2π)3 log
 
1 + 2e
−β(ǫjk±µj) cos
g|  a|
2T
+ e
−2β(ǫjk±µj)
 
 
(E.1)
where  ·  denotes the fractional part of a real number ( x  = x − ⌊x⌋), µj the set of (ﬂavor)
quark number chemical potentials, and ǫjk =
 
k2 + m2
j the dispersion relation of the jth
quark ﬂavor. Also, we used the shorthand notation |  a| =
√
  a ·  a. Expanding this expression
in powers of  a around zero and subtracting the contribution of the static modes (amounting to
the term cubic in   a), one may readily identify the EQCD parameters
m
2
χ =
2g2T2
3
− 2g
2
Nf  
j=1
 
d3k
(2π)3
¯ f
′(ǫjk µj) 
˜ λ =
2g4T
3π2 +
g4
6
Nf  
j=1
 
d3k
(2π)3
¯ f
′′′(ǫjk µj) 
(E.2)
where ¯ f(x µ) = [f(x + µ) + f(x − µ)] 2, the prime denotes diﬀerentiation with respect to x,
and f(x) = 1 (eβx + 1) is the Fermi–Dirac distribution function.
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Compactas theaboveexpressions(E.1)and (E.2)are, onecan furtherevaluatetheintegrals
over the quark momentum analytically in terms of the modiﬁed Bessel function of the second
kind, Kn. Expanding the logarithm in powers of fugacity and using some identities for the
Bessel functions, one obtains the result
Veﬀ(  a) =
4
3
π
2T
4
 
g|  a|
2πT
 2  
1 −
 
g|  a|
2πT
  2
+
+
4T2
π2
Nf  
j=1
m
2
j
∞  
n=1
(−1)n
n2 K2(nβmj)cosh(nβµj)cos
ng|  a|
2T
 
(E.3)
where the sum converges as long as µj < mj for all quark ﬂavors. Analogously, one derives
by diﬀerentiation analytic expressions for the EQCD mass parameter and quartic coupling,
m
2
χ =
2g2T2
3
−
g2
π2
Nf  
j=1
m
2
j
∞  
n=1
(−1)
nK2(nβmj)cosh(nβµj) 
˜ λ =
2g4T
3π2 +
g4
12π2T
Nf  
j=1
m
2
j
∞  
n=1
(−1)
nn
2K2(nβmj)cosh(nβµj) 
(E.4)
When the quark mass is parametrically larger than both the temperature and the respective
chemical potential, the inﬁnite series in Eq. (E.4) can be replaced by its asymptotic form,
m
2
χ ≈
2g2T2
3
+ 2g
2T
2
Nf  
j=1
  mj
2πT
 3 2
e
−mj T cosh(βµj) 
˜ λ ≈
2g4T
3π2 −
g4T
6
Nf  
j=1
  mj
2πT
 3 2
e
−mj T cosh(βµj) 
(E.5)
On the other hand, for massless quarks at vanishing chemical potentials, the integrals in
eq. (E.2) are readily evaluated analytically and one ﬁnds m2
χ = (2g2T2 3)[1 + (Nf 4)] and
˜ λ = (2g4T 3π2)[1 − (Nf 8)], in agreement with Ref. [86].
As the above inﬁnite series containing Bessel and hyperbolic functions will appear fre-
quently in our results, it is convenient to introduce a shorthand notation,
κ
±
ℓ =
Nf  
j=1
(βmj)
2
∞  
n=1
(±1)
nn
ℓK2(nβmj)cosh(nβµj)  (E.6)EQCD parameters in the presence of massive fermions 87
in terms of which the EQCD parameters (E.4) take the simple forms m2
χ = (2g2T2 3)[1 −
(3κ−
0 2π2)] and ˜ λ = (2g4T 3π2)[1+(κ−
2 8)].1 To introduce one ﬁnal piece of notation, observe
that in the presence of dynamical quarks, the potential of Eq. (E.3) has only one global min-
imum (up to periodicity) at |  a| = 0, while the point |  a| = 2πT g corresponds to a mere local
minimum. The most important quantity carrying information on the explicit Z(2) breaking
due to dynamical quarks is thus the energy-density diﬀerence between the two minima. It can
be encoded in a single dimensionless parameter
δ ≡
Veﬀ(g|  a| = 2πT) − Veﬀ(g|  a| = 0)
T4 =
4
π2(κ
+
−2 − κ
−
−2)  (E.7)
1Note that at any given time, the inﬁnite sum can be replaced by the corresponding integral expression. This is
in particular necessary for reasons of convergence,if mj < µj for some quark ﬂavor.88Appendix F.
Center symmetry for the SU(2) gauge
group
The zeroth component of thegauge ﬁeld A0(τ) (thedependence on thespatial coordinates does
not play any role in what follows and is thus suppressed) transforms under the local transfor-
mation s(τ) ∈ SU(2) as ˜ A0(τ) = s(τ)A0(τ)s(τ)†+
i
gs(τ)∂τs(τ)†. Under the same transformation,
the (untraced) Wilson line operator deﬁned in Eq. (4.11) transforms as ˜ Ω = s(β)Ωs(0)†. Let
us now write the gauge ﬁeld as A0(τ) =   a(τ) ·   σ 2, and the most general SU(2) gauge trans-
formation as s(τ) = exp[iϕ(τ)  n(τ) ·   σ], where   n(τ) is a unit vector. In this representation, the
gauge ﬁeld transforms as
˜   a =  n(  n ·  a) + [  a −  n(  n ·  a)]cos2ϕ − (  n ×  a)sin2ϕ+
+
1
g
 
2  nϕ
′ +  n
′ sin2ϕ − 2(  n ×  n
′)sin
2 ϕ
 
 
(F.1)
where the prime denotes a derivative with respect to τ. Demanding that the gauge transforma-
tion preserves the periodicity of the gauge ﬁeld,   a(β) =   a(0), leads to the conditions
ϕ(β) = ϕ(0) + Nπ  ϕ
′(β) = ϕ
′(0)    n(β) =   n(0)    n
′(β) =   n
′(0)  (F.2)
up to an overall minus sign, which only matters if we require the parameters ϕ   n to change
continuously with τ. In either case, the unitary matrix s(τ) satisﬁes s(β) = (−1)Ns(0) for some
integer N, which is precisely a transformation of the Z(2) center of the gauge group.
Let us now specialize to the Polyakov gauge, in which A0 is diagonal and independent of τ.
Which gauge transformations from the local SU(2) group preserve this structure? Obviously,
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  n must point in the third direction at all times. Preservation of time independence of   a then
results in the condition ϕ′ = const, and the admissible gauge transformations take the form
  n = (0 0 1) and ϕ(τ) = ϕ(0) + Nπτ β. As a consequence, the gauge ﬁeld transforms by a
mere overall shift, a3 → a3 + 2NπT g. It is worth emphasizing, though, that this conclusion
only holds in the Polyakov gauge, as otherwise the vector function  a(τ) transforms in a rather
complicated manner. In any case, since the nontrivial center transformations correspond to
time-dependent s(τ), while there is no time in the three-dimensional eﬀective theory, this
eﬀective theory must be augmented with a suitable deﬁnition of the center symmetry.Appendix G.
One-loop eﬀective potential of ZQCD
The derivation of the one-loop eﬀective potential of the theory deﬁned by Eq. (4.5) follows
closely Appendix A of Ref. [66], and we will therefore merely write down the result here. In
practice, we choose   Π to point in the third color direction, Πa = |  Π|δa3, relying on the SU(2)
invariance of the theory. The eﬀective potential in a general Rξ renormalizable gauge then
consists of the tree-level contribution, the gluon and ghost loops, the loop in the mixed ΣΠ3
sector, as well as a separate contribution from the Π1 2 loops,
Veﬀ =
1
g2
3
Vtree + VA+gh + VΣΠ3 + VΠ1 2 
Vtree = b1Σ
2 + b2  Π
2 + c1Σ
4 + c2(  Π
2)
2 + c3Σ
2  Π
2 + d1Σ
3 + d2Σ  Π
2 
VA+gh = −
|  Π|3
6π
 
2 − ξ
3 2 
  VΣΠ3 = −
1
12π
 
(m
2
+)
3 2 + (m
2
−)
3 2 
 
VΠ1 2 = −
1
6π
(2b2 + 4c2  Π
2 + 2c3Σ
2 + 2d2Σ + ξ  Π
2)
3 2 
(G.1)
where
m
2
± =b1 + b2 + 6c1Σ
2 + 6c2  Π
2 + c3(Σ
2 +   Π
2) + (3d1 + d2)Σ±
±
 
 
b1 − b2 + 6c1Σ2 − 6c2  Π2 + c3(  Π2 − Σ2) + (3d1 − d2)Σ
 2
+ 4  Π2(2c3Σ + d2)2 
(G.2)
Using the parametrization of the couplings (4.7) and assuming that the background ﬁelds Σ    Π
are of order O(g0
3) or smaller, we immediately obtain an expansion for the eﬀective potential
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to next-to-leading order in the coupling,
Veﬀ ≈
1
g2
3
 
h1
2
(Σ
2 +   Π
2) +
h2
4
(Σ
2 +   Π
2)
2
 
+
s1
2
  Π
2 +
s2
4
(  Π
2)
2 + s3Σ
4 +
s4
2
Σ
3 +
s5
2
Σ  Π
2−
−
|  Π|3
6π
 
2 − ξ
3 2 
−
1
6π
(˜ m
2
− + ξ  Π
2)
3 2 −
1
12π
(˜ m
3
+ + ˜ m
3
−) 
(G.3)
where ˜ m2
+ = h1 + 3h2(Σ2 +   Π2) and ˜ m2
− = h1 + h2(Σ2 +   Π2).94Colophon
This thesis was made in L ATEX2ε using the “hepthesis” class [87].
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